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Abstract 

Let khe a field of characteristic zero, V a smooth, positive-dimensional, quasipro- 
jective variety over k, and Q a nonempty divisor on V. Let K be the function field 
of V, and A G K the semilocal ring of Q. 

We prove the Diophantine undecidability of: (1) A, in all cases; (2) K, when k 
is real and V has a real point; (3) K, when A: is a subfield of a p-adic field, for some 
odd prime p. 

To achieve this, we use Denef's method: from an elliptic curve E over Q, without 
complex multiplication, one constructs a quadratic twist S oi E over which has 
Mordell-Weil rank one. Most of the paper is devoted to proving (using a theorem 
of R. Noot) that one can choose / in vanishing at Q, such that the group <§{K) 
deduced from the field extension Q(t) ^Q(/) ^ is equal to (f(Q(t)). Then we 
mimic the arguments of Denef (for the real case) and of Kim and Roush (for the 
p-adic case). 

AMS 2000 subject classiGcation: 03B25, 12L05, 14K15, 14D06 



*Thc author is a member of the European network 'Arithmetic Algebraic Geometry' (contract HPRN- 
CT-2000-00120). 
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1 Introduction 



The aim of this paper is to prove the following result: 

1.1 Theorem. Let k be a field of cliaracteristic zero. Let V be a smooth, positive- 
dimensional, quasiprojective, irreducible k-scheme, with function field denoted by K. 

(1) (see Theorem 10.3) Let Q be a nonempty effective divisor on V , and let A d K be the 
semilocal ring of Q (the intersection of the local rings of the maximal points of Q). Then 
the positive-existential theory of A is undecidable. In other words, Hilbert's tenth problem 
over A has a negative solution. 

(2) (see Theorem 11.2) Assume that K is formally real. Then the positive-existential 
theory of K is undecidable. 

(3) (see Theorem 12.1) Assume that k is a subfield of a finite extension of Qp, for some 
odd prime p. Then the positive-existential theory of K is undecidable. 

1.1.1 Remark. Thus, for instance, the conclusion of (2) and (3) means that there is no 
algorithm taking as input a polynomial F G K[Xi, . . . , Xn] (for some n) and giving a 
'yes/no' output according as F has a zero in i^" or not. 

In all statements, the positive-existential theory is considered in the language of rings, 
augmented by a suitable set of constants which can be described. 

In each case, a more precise result will be that there is a Diophantine (that is, positive- 
existentially definable) subset of A'^ (resp. K*^) for some d (in fact d = 2 in cases (1) and 
(2)), with a ring structure which is also Diophantine and isomorphic to Z as a ring. By 
a standard argument, this together with the negative solution of Hilbert's tenth problem 
over Z (Davis-Putnam- Robinson-Matijasevich) implies the result for A (resp. K). 

1.1.2 Remark. Note that by enlarging k, we can assume in (1) and (2) that V is a. curve 
C: if r = dimV^, one can first assume V affine (taking an open subset meeting every 
component of Q), then choose a /c-morphism V ^k~^ whose generic fibre is a smooth 
curve and such that every component of Q dominates A^fT^; finally, replace k by the function 
field of A^~^. One can even go further and assume that C is projective and smooth (by 
completing it) and geometrically connected over k (by replacing k by its algebraic closure 
in K). 

This reduction to the case of curves does not work in case (3): for instance, Qp{x) 
cannot be embedded in a p-adic field. However, in most of this paper, the emphasis will 
be on curves. 

1.1.3 Remark. Several special cases of 1.1 were known before. The case where is a real 
field and K = k(t) is due to Denef [D2], as well as the method used here. 

Denef's method was also used by Kim and Roush [K-R2] to treat the case where k is 
as in (3) and K = k{t). We use the proof of Kim and Roush to prove (3), whence the 
restriction p ^ 2. 
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Some special cases of (2) for non-rational function fields in one variable over real fields 
were obtained by Zahidi in [Z]. 

Earlier versions of this paper, without part (3), were circulated before. After completing 
(3), the author was informed (at the end of August 2004) that K. Eisentrager [E2] had 
independently proved the p-adic case (3), using one of these versions (specifically, Theorem 
1.8 below). She also obtained in [El] (with the notations of Theorem 1.1) the Diophantine 
undecidability of K when k is algebraically closed and dim V >2, adapting (again via our 
Theorem 1.8) the method used in [K-Rl] for K = C{ti,t2). 

The reader may consult [P-Z] for a review of other related results. 

Note that (3) implies in particular: 

1.1.4 Corollary. Let K be a finitely generated, transcendental extension of Q. Then K 
is positive-existentially undecidable. 

From now on, we shall assume in this introduction that y = C is a smooth, projective, 
geometrically connected curve over k, and that Q is a finite nonempty set of closed points 
of C. 

To motivate our further setting, we now briefly recall Denef 's method. 

1.2 Sketch of Denef s method. 

Assume C = P^., with standard coordinate t, so that K = k{t). Take an elliptic curve E over 
k (defined over Q, if we wish), and 'twist' it by the quadratic extension of A' = k{t) given 
by the usual double cover it : E ^ Fl. The result is an elliptic curve S' over K (the 'self- 
twist' of E), with additive reduction at the branch points of vr. An easy computation shows 
that S'{K) is 'almost' the endomorphism ring of E. More precisely, 2S'{K) is canonically 
isomorphic to 2Endfc (-£"), so if E does not have complex multiplication the group 2S'{K) 
is isomorphic to Z, and the addition is clearly Diophantine since it is induced by the group 
law of . 

Fixing an isomorphism 2S{K) ^Z, the less obvious fact that the multiplication is also 
Diophantine is deduced from the 'additive reduction' properties of S' at branch points of 
TT, in particular at the point oo. Specifically, we have a 'reduction', or 'specialisation' 
homomorphism from 2S'{K) to the additive group /c, which turns out to be nonzero, 
hence must be (up to a harmless constant) the inclusion of Z into k. In particular, it 
must be compatible with multiplication, allowing us to obtain a Diophantine definition 
of multiplication in 2(S{K) — provided, however, that the specialisation map has good 
Diophantine properties, which is where the 'real' (resp. 'p-adic') assumption is used; more 
precisely, this involves proving the Diophantine definability of certain subsets of K defined 
by valuation conditions. 

1.3 Extending Denef s method to other fields. 

We want to extend this argument with k{t) replaced by K. To do this, we simply take a 
cover / : C with reasonable properties, by means of which we identify k{t) with a 



5 



subfield of we then try to adjust the data in such a way that (S'{K) = S{k{t)) (whatever 
S{k{t)) may be: we shall forget here about the 'no complex multiplication' condition). 

As it turns out, we may in fact start with any elliptic curve E over /c, and twist it by 
a quadratic extension of k{t), corresponding to a double cover tt : F — > (here tt is any 
double cover of Pj, by a smooth curve F, not necessarily E itself). The curves C, E, and F, 
and the morphism tt, will be fixed throughout (and, therefore, so will the twisted elliptic 
curve over k{t)). The only 'variable' piece of data is the morphism /; specifically, we 
shall allow ourselves to replace the initially given / by A/, for some suitable X E k*. 

But now it is time to fix the notations more precisely. (For the rest of this introduction, 
we shall concentrate on the algebro-geometric result of the paper; the applications to 
Hubert's tenth problem will be considered in Part III). 

1.4 Notations. 

1.4.1 The ground field. In the rest of this introduction (and in most of the paper), k 
denotes a field of characteristic p > 0. Moreover, unless otherwise specified, we shall always 
assume that p ^ 2. (For applications to undecidability questions, p will be zero). We fix 
an algebraic closure of k, denoted by k. 

1.4.2 The fundamental curve C and its function field. We denote by C a smooth 
projective geometrically connected curve over k, with function field K (thus, i^' is a finitely 
generated extension of A;, of transcendence degree 1, and k is algebraically closed in K). 

If k' is an extension of k, the function field of C^/ = C Xspec{k) Spec [k') will be denoted 
by k'{C); thus, k{C) = k K, and in general k'{C) is the fraction field of k' tS)k K. 

We are also given a finite nonempty set Q of closed points of C; we assume that their 
residue fields are separable over k (in other words, Q is the spectrum of an etale /c-algebra). 

1.4.3 The elliptic curve. E denotes an elliptic curve over k. It will be convenient to fix 
an affine equation of E, of the form 



for a cubic polynomial P E k\T\ without multiple roots. 

1.4.4 The hyperelliptic curve. F denotes a smooth projective geometrically connected 
curve over /c, given as a double cover 



(1) 



TT : F 




(2) 



We shall always assume that: 



• TT is etale above oo G P 



• TT is ramified at 0. 
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(The second assumption is made only to fix ideas and avoid some case discussions, and 
because it is the relevant case for applications to Hilbert's tenth problem. The first as- 
sumption, however, will be essential in our constructions). 

Thus, r can be described by an affine equation, in coordinates {t,w): 

= R{t) (3) 

where t, the standard coordinate on P^, is identified with the rational function t o tt = vr 
on r, and i? is a polynomial in k[T], without multiple roots, such that -R(O) = 0, and 
degi? = 2genus(r) + 2. 

Clearly, F has a unique /c-rational point above the point G F^{k). We denote this 
point by Op. 

The natural involution of F, sending w to —w, will be denoted by a. 

1.4.5 Remarks. 

(i) We shall always think of F as equipped with the double cover vr of (2). In other 
words, when using the notation F we shall often actually mean tt. Note that F and 
TT are completely determined by the polynomial R of (3); conversely, they determine 
i? up to a square factor in k*. 

(ii) An important special case is when T = E (thus not 'hyperelliptic', strictly speaking!) 
and TT is the double cover given by x~^, the inverse of the coordinate a; in (1) . In 
this case, the polynomial R of (3) is 

R{t) = t'P{l/t) (4) 

and the functions t, w, x,y on E are related by 

(t, w) = (1/x, y/x^) (x, y) = (1/t, w/t^). (5) 

In fact, this is the important case for applications to Hilbert's tenth problem; however, 
the author feels that restricting to this special case would only give a less general 
result without any substantial simplification, while distinguishing between E and F 
actually clarifies the proof. 

(iii) We could even have generalised further, by replacing E by any abelian variety over 
k. But this time, this would make the results we need (essentially those of Section 6 
on quadratic twists) slightly less elementary. 

From the data 1.4.3 and 1.4.4 we can now perform a well-known construction: 

1.4.6 The twisted elliptic curve S' over k(t). We may define it as the /c(t)-elliptic 
curve with affine equation 

y^ = Rit)Pix) (6) 

(in the affine plane A^^-^^, with coordinates x, y). We shall give a more intrinsic definition 
of twists in Section 5, and use slightly different (but of course equivalent) equations. 
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It is easy to compute the Mordell-Weil group S'{k{t)) of in terms of morphisms of 
curves over k: as we shall see in 6.3, there is a canonical isomorphism 

<^{k{t)) ^Moi f''{T,E) (7) 

where the right-hand side stands for the group of fc-morphisms h : T ^ E compatible with 
involutions, i.e. such that ho a = [— 1]_e o h. 

1.4.7 Remark. In the case T = E of 1.4.5 (ii), we get from (7) an isomorphism 

E[2]{k) X Endfc(E) ^ (ff{k{t)) (8) 

where E[2] is the kernel of multiplication by 2 in E. Concretely, using the coordinates 
in (1) and (6), this sends ((^,0),0) to (^,0) (where ^ is a zero of P), and {OE,ldE) to 
(l/t,t2p(l/t)) (recall that R{t) = t^P{l/t)). 

1.5 Properties of covers C P[,: good functions. 

Recall that our goal is to extend Denef's argument with k{t) replaced by K. To do this we 
shall choose a suitable nonconstant rational function g on C; this defines a ramified cover 
g : C ^ Pj,, and a corresponding field extension k{t) K, sending t to g. 

We denote by Kg the field K viewed as an extension of k{t) via g. Thus, we have an 
obvious inclusion of abelian groups 

<^{k{t)) ^ c^iKg) (9) 

both of which will turn out (see 6.3.3) to be finitely generated with the same torsion 
subgroup, isomorphic to the kernel E[2]{k) of multiplication by 2 in E{k). 

We would like (9) to be an equality, for suitable g. If p > 0, however, we can only 
achieve this 'up to p-torsion', which motivates the following definition: 

1.5.1 Definition. Let u : A ^ B be a morphism of abelian groups. We shall say that u 
is almost bijective if u is injective and Coker m is a finite p-group. 

Of course, if p = we take this to mean that u is bijective. In the sequel we shall only 
apply this notion to morphisms of finitely generated abelian groups. 

1.5.2 Definition. Let k, C, Q, E, T be as in 1.4, and let g : C F], be a nonconstant 
k-morphism. 

(1) We say that g is admissible (for T, or for it) if: 

(i) g has only simple branch points (i.e. no ramification index > 3); 

(ii) g is etale above oo and the branch points of ir (which are the zeros of R); 

(iii) every point of Q is a zero of g (automatically simple, by (ii)). 
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(2) We say that g is good for E and T if g is admissible and the natural inclusion (9) is 
almost bijective. 

If k' is an extension of k, we say that g is good over k' , or fc'-good, if the morphism 
gk' '■ Ck' — > Pfc/ deduced from g by base change is good for Ek' and Tk' ■ 
We say that g is very good if g is k-good. 

(3) Let / : C ^ pi be admissible. For every extension k' of k, define two subsets Good {k') 
and Good (k') of k'* by 

Good {k') = Good {E, T, f, k') = {X e k'* \ X f is good for Ek' and Tk'} 
Good {k') = Good (E, r, /, k') = {Xek'* \ Xf is very good for Ek' and Tk'}. 

1.5.3 Remarks. 

(i) By definition, g is A;'-good if and only if g is admissible and the natural inclusion 

'^{k'it)) ^ ^{k'{C),) (10) 

is almost bijective; here k'{C)g is the function field k'{C) of Ck', viewed as an exten- 
sion of k'{t) via gk'. In particular, g is very good if and only if g is admissible and 
(S'{k{C)g) = S{k{t)), up to p-torsion. 

(ii) Of course, the definition of Good {k') refers implicitly to some algebraic closure k' 
of /c', but is, as usual, independent of it. 

(iii) Let / be admissible. Then for all but finitely many A G fc*, the function Xf is still 
admissible. Thus, except for finitely many A, the 'goodness' property for g = Xf just 
means that (9) is almost bijective. 

1.5.4 Proposition. Assume that g : C is admissible, and let k' be an extension of 
k. Then: 

(i) If g is k'-good, then it is good. In particular, very good morphisms are good. 

(ii) Assume that k is separably closed in k' . Then S'{k'{t)) = S'{k{t)) and S{k'{C)g) = 
S{Kg); in particular, g is k-good if and only if it is k'-good. 

(iii) g is very good if and only if g is F-good for every extension F of k. 

Proof: (i) follows easily from the fact that k(t) = k{C) fl k'{t). 
The proof of (ii) will be postponed until 6.3.4. 

The 'if part of (iii) is trivial. Conversely, assume g is very good, and let F be an 
extension of k, with an algebraic closure F containing k. Now gj is good, hence g-p is good 
by (ii). Hence gp is good by (i). ■ 

1.5.5 Corollary. Let f : C Fl be admissible, and let k' be an extension of k. Then: 
(i) Good {k') nk C. Good (k), with equality if k is separably closed in k' . 
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(ii) Good (A;') n A; = Good (fc). 



1.5.6 Remark. The existence of admissible morphisms is easy (see 2.3.1, but note that in 
positive characteristic, this uses our assumption that Q is etale over k). The existence of 
very good morphisms is the subject of this paper. More precisely, if k is not algebraic over 
a finite field, we shall prove Good {k) ^ for any admissible /. This of course implies 
Good {k) ^ 0. The reasons why we need both variants are explained in 1.11 below. 

1.6 One last piece of data. 

In addition to the data of 1.4, we fix an admissible /c-morphism 

f--c^K (11) 

1.7 Main Theorem. Let k, C, Q, E, V, f be as above. Then: 

(i) Let k' be an extension of k. If X & k' is transcendental over k, then A G Good {k'). 

(ii) Ifk is finitely generated over the prime field, then Good (k) contains a Hilbert subset 
of k, in the sense of [F-.J], 11.1; in other words, its complement in k is a thin set in 
the sense of [Sc2] . 

This will be proved in 7.4. Let us now explore some consequences. 

1.8 Theorem. We keep the notations and assumptions of Theorem 1.7. 

(i) Let ko be any subfield of k, finitely generated over the prime field. Then Good (k) 
contains a Hilbert subset of ko. 

(ii) If char k = 0, then Good (k) fl Z is infinite. 

(iii) If char/c = p > 0, and u & k is transcendental over ¥p, then Good (/c) fl Fp[m] is 
infinite. 

(iv) The complement of Good [k) in k has finite transcendence degree over the prime 
field. In particular, this complement is countable. 

Proof: (i) If /cq is finite, the claim is empty. Therefore we may assume that kg is either 
finitely generated over Q, or finitely generated and transcendental over a finite field. In 
both cases, ko is Hilbertian. 

There is a subfield ki of k, containing ko, finitely generated over the prime field, and 
such that C, E, T, and / are defined over ki. Now apply 1.7 with ki as ground field: by 
1.5.5 (ii). Good (/c) contains Good (fci) which contains a Hilbert subset of ki by 1.7 (ii). 
Since fco is Hilbertian, it follows that Good(/ci) fl ko contains a Hilbert subset of ko, by 
[F-J], 11.7 and 11.8(b). 

Assertion (ii) then follows from (i) (with ko = Q) and [F-.J], Theorem 12.7, and (iii) is 
similar. 
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For (iv), take ki as in the proof of (i): then 1.7 (i), apphed over ki, shows that the 
complement of Good (k) is contained in the algebraic closure of ki in k, whence the result. 



1.9 Remark. Theorem 1.7 may well be true in characteristic 2. Presumably, the argu- 
ments of this paper, suitably adapted, might lead to a proof that Good (fc) contains a 
Hilbert set when k is finitely generated over F2. However, to obtain the same result for 
Good (A;) (and hence the general result, for arbitrary k), the present proof makes use of 
very strong properties of a pencil of curves over considered in Section 7 (namely, that 
its fibres over \ {0} are semistable and its fibre at is 'tame'). Both these properties 
fail in general in characteristic 2, which definitely ruins the crucial Lemma 4.5.3. 

Of course, to treat the characteristic 2 case one would first have to rewrite the gener- 
alities of Section 5 on double covers and twists. 

In any case, the applications to Hilbert 's tenth problem, which were the prime motiva- 
tion for this paper, work only in characteristic zero. 

1.10 Outline of the proof of the Main Theorem. 

For simplicity, we assume p = (thus, 'almost bijective' just means 'bijective'). For A G /c, 
we consider the inclusion S'{k{t)) ^ S{K\f) (resp. S'{k{t)) ^ S'{k{C)\f)). The first group 
is independent of A, while the second varies with A, and clearly we have to make the groups 
(S'{Kxf) and S'{k{C)\f)) 'as small as possible'. 

1.10.1 Our first task is to 'compute' all these groups in terms of 'geometry over k\ For 
S'{k(t)), and similarly for <S'{k{t)), this is achieved by formula (7). To generalise this, we 
introduce (in 6.3.1) the /c-curve 

C^A/:=Cx,^,pi,,r (12) 

consisting of pairs (c, 7) in C x F such that A/(c) = 71(7). As a double cover of C, it carries 
a natural involution, and just as in (7) there is a canonical isomorphism 

mxf) = Morf \C,f,E). (13) 

It follows (Proposition 6.4) that A G Good (k) if and only if every odd /c-morphism C\f ^ 
E is obtained from an odd fc-morphism F — > by composition with the natural map 
Ca/"— *-CxF— i>F (and of course there is a similar characterisation of Good {k) in terms 
of fc-morphisms) . 

The next step consists in translating this condition in terms of Jacobians, and remov- 
ing the 'odd' restriction. The result is this (Propositions 6.5.3 and 6.5.4): consider the 
morphism of abelian varieties 

Jac (C) X Jac (F) — > Jac {Cxj) (14) 
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deduced from the natural projections from Cxf to C and F. Then A is in Good (k) (resp. in 
Good (fc)) if every /c-morphism (resp. fc-morphism) of abehan varieties E — > Jac(CA/) 
factors through (14). 

1.10.2 So, putting Jx := Jac(CA/), we are led to investigate how the groups Hx : = 
Homfc {E, Jx) and Hx := Hom^(£', Jx) vary with A. 

Now Jx is the fibre at A of a pencil of abelian varieties parametrised by an open subset 
U C P^. Denote by 77 = Spec {k{z)) the generic point of U (here z denotes the natural 
coordinate on P^): the groups in question have 'generic' values if^ := Homfc(^) {E, J^j) and 
Hrj := Hom^;^(_E, Jx). There are injective 'specialisation' maps ^ Hx and H^j ^ Hx, 
and a 'specialisation theorem' due to R. Noot asserts that when k is finitely generated over 
Q, these specialisation maps are isomorphisms for every A in a Hilbert subset of k. 

Hence, to prove the Main Theorem, it suffices to show that our generic groups H^ 
and Hjj are isomorphic to Hom^ (i?, Jac (C) x Jac(r)) and Hom^ (E', Jac (C) x Jac(r)), 
respectively. 

To achieve this, we have to go back to the definition of the curves Cxf'- as curves on 
the surface C x T, they are the fibres of the rational map C x T ■ ■ P^ sending (0,7) 
to 7r(7)//(c). The result for H^f then follows from more or less standard facts (Theorem 
4.4.1) on Jacobians of pencils of curves. The analogous result for H^ (Theorem 4.5.2) is 
more delicate and requires a detailed analysis of the degenerations of the pencil, carried 
out in Section 7. 

1.11 Effectivity questions. 

Observe that in the proof of 1.8 (i), we have used the inclusion Good (ki) C Good (k) in 
an essential way. This explains why we need to consider 'Good ' sets, even to obtain the 
result for Good (k) for arbitrary k. 

Unfortunately, the proof that GoOD {k) 7^ relies on a highly nonconstructive argu- 
ment involving infinite Galois groups (this occurs in the proof of the specialisation theorem 
3.3). 

On the other hand, if we limit ourselves to fields k finitely generated over the prime field 
(and to proving that Good (fc) 7^ 0), then there is a more effective result, stated below and 
proved in 7.4 (here Jac {X) denotes the Jacobian of a curve X). We refer to [F-.J], Chapter 
17 for presented fields and related notions; in particular, recall that k is presented over 
its prime field k if it is described ) where, for each i > 1, the minimal 

polynomial of Xi over ki^i := k,{xi, . . . , Xj_i) is explicitly given (and understood to be zero 
if Xi is transcendental over ki^i). Many standard algebro-geometric constructions over k 
can then be carried out 'effectively'; see [F-J] for details. 

1.12 Theorem. (Effective version of the Main Theorem) Assume that k is presented over 
the prime Geld, and that the rank of the finitely generated abelian groups Hom^ [E, Jac (F)) 
and Homfc [E, Jac [C)) are known. 
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Then Good (k) contains an 'effective' Hilbert subset of k, in tie following sense: z and 
y denoting indeterminates, tliere is an effectively computable ^{z,y) G k{z)[y], with no 
root in k{z) (as a polynomial in y), with the property that for all \ E k, if $(A, y) G k[y] 
has no root in k then A G Good {k). 

1.13 Organisation of the paper 

Apart from this introduction, the paper is divided into three parts. 

Part I exposes background material, mostly from algebraic geometry; nothing in this part 
is really new. 

Section 2 contains miscellaneous (and more or less well-known) results and basic defi- 
nitions. 

Section 3 is devoted to Noot's specialisation theorem; we give a proof there because the 
statement we use is actually a variant of Noot's original result. We also give a proof of the 
'effective' variant we need (see 1.11 above). 

In section 4, we give some important (and perhaps not so familiar) properties of the 
relative Jacobian of a surface fibered over the projective line. These properties are at the 
heart of our proof of the Main Theorem. 

Finally, Section 5 presents the basic facts on quadratic twists, especially of elliptic 
curves. 

In Part II, we prove the Main Theorem, as outlined in 1.10 above. 

Part III contains the applications to model theory, and the proof of Theorem 1.1. In this 
part, the Main Theorem is applied in the special case where E = T [a, fixed elliptic curve 
over fc), as explained in 1.4.5 (ii). The resulting twist S is the 'self-twist' of E] generalities 
on this construction are exposed in Section 8. 

In Section 9, we define the (hopefully Diophantine) model of Z deduced from tf; this 
ring is denoted by A. This is a subset of K"^. To show the Diophantine undecidability of 

we have to prove two things: that A is a Diophantine set (this is where we use the Main 
Theorem), and that the multiplication of A is relatively Diophantine (a notion explained 
in 2.7.6); how we prove the latter depends on the field (or ring) K. 

Section 10 contains the proof of part (1) of Theorem 1.1, as well as general notations 
used in the sequel. 

Section 11 contains the proof of part (2) of 1.1, following Denef. 

Finally, in Section 12 we prove part (3) of 1.1, adapting the method of Kim and Roush. 

1.14 Acknowledgments. 

The author is grateful to Karim Zahidi, Luc Belair, Bas Edixhoven for discussions on the 
subject of this paper, and most especially to Rutger Noot for discussions on the speciali- 
sation theorem. 
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Part I 

Geometric background 

2 Basic material 

Throughout this section, F denotes a field, F an algebraic closure of F, and F^ the separable 
closure of F in F. 

2.1 Rings, varieties, morphisms. 

All rings are commutative with unit. 

If S* is a scheme, and X, Y are S'-schemes, we shall denote by Mor^ {X,Y) the set of 
S'-scheme morphisms from X to Y. If X = Spec (R) is affine, we also use the notation 
YiR). 

In general we use subscripts to denote base change: thus, if S' is an S'-scheme, we write 
Xs' for X Xs S'. By abuse, we sometimes omit some of the subscripts, writing for instance 
Mors, (X, Y) for Mor^, (X^,, Ys'). 

In these notations, affine base schemes are often denoted by the corresponding ring: 
thus, if S* = Spec {F), we may write Moip {X, Y) rather than Mors {X, Y). 

2.2 Involutions, odd morphisms, algebraic groups. 

If X and Y as above are provided with S-involutions a and r respectively, we shall denote 
by Mors'^'^(X, Y) the set of S-morphisms (p : X ^ Y such that (p o a = t o tp. 

The involutions considered will in general be clear from the context. In particular, if 
Y, say, is a commutative S-group scheme, written additively, the involution on Y will be 
multiplication by —1, unless otherwise specified. 

If X and Y are commutative S'-group schemes (always assumed to be separated and of 
finite presentation as S-schemes), we shall denote by Hom^ {X, Y) the set of morphisms of 
S-group schemes from X to Y (a subgroup of MoT°g'^'^{X,Y)), and we write Ends(X) for 
Roms iX,X). 

If G is a commutative S'-group scheme, and n G Z, we denote by [n]G or [n] the 
endomorphism of G given by multiplication by n, and by G[n] its kernel. If n is invertihle 
on S, then [n] is an unramified morphism (in fact it is etale along the unit section of G), 
and G[n\ can therefore be written as the disjoint union of the unit section and a subscheme 
G[r2]*: in particular, if n is prime (the only case we shall use is n = 2), we may define G[n]* 
as the subscheme of G of 'points of exact order n'. 

We shall use some 'rigidity' properties of odd morphisms to a commutative group 
scheme: 

2.2.1 Rigidity of odd morphisms: notations. We assume that 2 is invertible on S 
(equivalently, all residue characteristics of points of S are different from 2). 
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Let / : X — > S" be a morphism of schemes. Assume that / is flat, proper, of finite 
presentation and that 

Gs — ^ universally 

(that is, Gs' ~*{.fs')*^Xs, for every S-scheme 5'; these conditions are satisfied in particular 
when 5* is Noetherian, / is projective and flat, and all its geometric fibres are irreducible 
and reduced). Let a be an S'-involution of X. 

We also fix a commutative 5'-group scheme G ^ 5, separated and of finite presentation 
as an S'-scheme. We write G additively. 

2.2.2 Proposition. With the assumptions of 2.2.1, let u : X ^ G be an odd S-niorphisni. 
Then, the following conditions are equivalent: 

(i) u = 0; 

(ii) u = set-theoretically (that is, u maps the underlying space of X to the unit section 
ofG); 

(iii) for every point s of S, u{Xs) is contained in an afhne open subset of Gg disjoint from 
Gs[2]*. 

Moreover, the set S := {s G S" | : — ^ is zero } is open and closed in S. 

Proof: It is trivial that (i)^(ii)^(iii). Let us prove (iii)^(ii). We need to show that, for 
every s G S" (with residue field k(s)), u maps Xg to the unit 0^ of Gs- By (iii), u maps Xs 
to an affine scheme; but any morphism from Xg to an affine scheme must factor through 
Spec (r(Xs, ^Xs)) which is Spec k(s) by our assumptions on X. In other words, u maps Xg 
to a rational point 7 of Gg which must be fixed by [—1] since u is odd; by the assumption 
(iii) we must have 7 = Og. 

To prove (ii)^(i) we may assume that 5* is affine, and (localising further if necessary) 
that there exists an affine open neighbourhood U of the unit section of G, disjoint from 
G[2]*. Clearly, (ii) implies that u factors through U. As above, this implies that u must 
factor as7o/:X^5'^G, where 7 G G{S) is a section which must be fixed by [— 1], 
hence equal to the unit section by our assumption on U. 

Let us now prove the last claim. To see that S is open, let us take s in E, and show 
that u = over a neighbourhood of s. We may assume that there is an open subset U of 
G as in the proof of (ii)^(i) above. Then u~^{U) is an open subscheme of X containing 
Xg] since / is proper (hence closed), it must contain f~^{V) for some neighbourhood V of 
s in S. But then fy : Xy — >■ Gy factors through U, hence is zero. 

To see that S is closed, consider the inverse image in X of the unit section of G: since 
G is separated, this is a closed subscheme of X, hence its complement W G X is open, 
and so is f{W) C S* (/ is fiat of finite presentation, hence open). But the complement of 
/(ly) is just S. ■ 
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2.2.3 Corollary. (Rigidity of odd morphisms) With the assumptions of 2.2.1, let T S 
be a faithfully flat quasicompact S-scheme, with geometrically connected fibres. Then the 
natural 'base change' map 

Mor^'^'^(X,G') — > Mor'^T^'^ {Xt,Gt) 

is an isomorphism. 

Proof: Injectivity is clear since T — > S* is faithfully fiat. Let ut '■ Xx Gt be an odd T- 
morphism. By fiat descent, it is enough to show that the two morphisms Ui, U2 : XtxsT ~* 
GtxsT deduced from ut by base change via the two projections T x g T ^ T are equal. 
But clearly they coincide along the diagonal T ^ T T, hence also, by 2.2.3, along an 
open and closed subscheme of T x 5 T containing the diagonal. By our assumptions, the 
only such subscheme is T Xg T, and the corollary is proved. ■ 

2.2.4 Remark. An interesting special case is when S = Spec (F) and T = Spec {F') 
where F' is an extension of F. Then T is geometrically connected if and only if F is 
separably closed in F'. Thus, in this case, we have Mor^^*^(X, G) = MoT°p'^{X,G). 

2.3 Existence of admissible morphisms on curves, and of odd projections on 
varieties. 

Let C be a projective, smooth, geometrically connected F-curve, of genus g. li D is a. 
divisor on C, we denote by |D| the linear system associated to D, i.e. the space of effective 
divisors linearly equivalent to D. In other words, \D\ = F{¥f{C, 0'c{D))* is the projective 
space of lines of the F-vector space ^{D) = H°(C, ffc{.D))- 

Put d = degD. By Riemann-Roch, dim \D\ > d — g, with equality if d > 2g — 1. 

2.3.1 Proposition. With the above assumptions, assume that F is infinite, and that 
d = degD > 2(7 + 2. Then there exists an F-morphism f : C ^ Fp, having only simple 
ramification and such that the divisors f~^{C,), for G F]^, belong to \D\ (equivalently, the 
invertible sheaf f*ffpi^{l) is isomorphic to ffc{.D))- In particular, degf = d. 

Moreover, assume that some F -rational Eq e \D\ is fixed, without triple points (over 
F). Then one can choose f as above such that /"^(O) = Eq (as divisors). 

Proof: The case g = is left to the reader; we assume g > and in particular d > 4. 

For n E N, denote by C*-"^ the n-th symmetric power of C. It is a smooth projective 
F-scheme, whose F-points correspond canonically to effective divisors of degree n on C-p. 
We define a closed subvariety of C x C^'^~'^^ by 

W := {{P,Di) I SP + Di ~F)} 

where ~ denotes linear equivalence. There is an obvious morphism W ^ \D\ sending 
(P, Di) to 3P + Di, whose image W' consists of divisors having a triple point. 

I claim that dim W = d — g — 2. Indeed, consider the natural projection W ^ C sending 
(P, Di) to P. The fibre of a point P G C is canonically isomorphic to the projective space 
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\D — 3P|, which has dimension d — 3 — g since by assumption d — 3 > 2g — 1. Hence 
dim 14^ = dimC + d — g — 3 = d — g~2, a.s claimed. In particular, W has codimension 
> 2 in \D\. 

Since F is infinite, we can choose an F-rational point Eq in \D\ \ W' (for instance the 
given one, if necessary). Write Eq = Pi + - ■ ■ + Pd (over F). For each i G {1, . . . , d}, divisors 
in |Z}| containing Pi form a linear subspace isomorphic to \D — Pi\, hence a hyperplane Hi 
oi\D\ (not necessarily defined over F). The divisors meeting E^ thus form a hypersurface 
H (the union of the -ffj's, which is defined over F). Again, since F is infinite, there is a 
line A C \D\ containing Eq, disjoint from W and not contained in H. Take an F-rational 
point Eao on A, distinct from Eq (hence not in if, because A fl if j = {Eq} since A is a 
line). There is a rational function f on C with divisor Eq — Eoo, whence an i^-morphism 
if : C whose fibres are precisely the points of A. This / satisfies the required 

conditions. ■ 

2.3.2 Remark. The result should also be true if F is finite, possibly with a stronger 
condition on the degree. 

2.3.3 Remark. Proposition 2.3.1 clearly implies the existence of admissible morphisms, 
in the sense of 1.5.2. The extra information on the degree will be used in Section 12, via 
the following special case: if C admits a divisor of odd degree, then there is an admissible 
morphism C of odd degree. In the same vein, we shall also need the next proposition. 

2.3.4 Proposition. Assume that chari^ = 0, and let K he a finitely generated, regular, 
transcendental extesion of F. Then there is a transcendence basis {zi, . . . , Zn) of K over F 
such that K/F{zi, . . . , Zn-i) is a regular exension. 

If, moreover, F is algebraically closed, then (^i, . . . ,Zn) may be chosen such that, in 
addition, [K : F{zi, . . . , Zn)] is odd. 

Proof: Let V C P^"*"^ be a projective hypersurface with function field K, and put d : = 
deg V. Since K/ F is regular, V is geometrically integral (i.e. Vp is irreducible and reduced). 

By Bertini's theorem, there is a plane 11 C P^"^^ such that IlnV^ is a geometrically inte- 
gral curve; in fact, this property holds for all 11 in a dense open subset of the Grassmannian 
of planes. 

Take an i^-rational point A G 11, not in V. Consider the projection ir from V to the 
space Sa (isomorphic to P^) of lines through A. This it sends a point P & V to the 
line through P and A, and is clearly a finite surjective morphism of degree d. Moreover, 
U n V = 7r~^{L) where the line L G Sa is the image of 11. We can choose coordinates 
Zi, Zn on Sa such that L is defined by, say, zi = . . . = Zn-i = 0. The rational map ip := 
{zi, . . . , Zn-i) : V ■ ■ ■ ^ A^""*^ then has the property that for all = (,^i, . . . , ^n-i) £ F^ 
except in a proper Zariski closed subset, ^~^{^) is an integral curve. This implies that 
the generic fibre of ip is geometrically integral, i.e. that the extension K/F{zi, . . . , Zn-i) is 
regular. 

Note that in the previous construction, [K : F{zi, . . . , z„)] = d. Hence to prove the last 
assertion, we assume d even and F algebraically closed. Again we use a projection, but 
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this time we take a smooth point A G 11 fl V and project from A. This defines a morphism 
IT : V\ {A} — > Sa] for a general point of 5'^, corresponding to a fine / through A, the fibre 
7r~^(/) consists of the d — 1 points of / fl \^ distinct from A, hence it has degree d — 1, which 
is odd. 

Next, defining L C 5*^ as above, we have 7i~^{L) = (Jl nV) \ {A} which is geomet- 
rically integral, and the same property holds for all lines L' in a dense open subset of 
the Grassmannian of lines in Sa- Choosing coordinates as above, we again conclude that 
K/F{zi, . . . , Zn-i) is regular. ■ 



2.4 Abelian varieties and schemes. 

An abelian scheme over a scheme S* is a smooth proper S'-group scheme A ^ S, with 
connected fibres. An abelian scheme over Spec (F) is called an abelian variety over F. 
Abelian schemes are automatically commutative, and abelian varieties are projective. 

2.4.1 Proposition. Let A be an abelian variety over F, F' an extension of F, and B C 
Api an abelian subvariety. Then B can be defined over a finite extension of F. 

Proof: We assume char (F) ^ 2, which is sufficient for our purposes (but the result holds in 
general). We may assume F algebraically closed. By standard arguments, there is a finitely 
generated F-subalgebra R (Z F' and an abelian subscheme ^ G As over S = Spec (i?) 
such that = B- Now 5* has an F-rational point x; let Bq be the fibre of ^ at x, an 
abelian subvariety of A. Consider the natural S-morphism l3S ^5—*- {A/Aq)s'- it is zero 
at X, hence zero by 2.2.2. Thus, ^ C Aq s- Since the opposite inclusion is proved similarly, 
we have equality, and in particular B = Aq f'. ■ 

2.4.2 Torsion points and Tate modules. If A is an abelian scheme over 5*, of relative 
dimension g, then [n\A is a finite locally free morphism of degree n^^, etale above all points 
of S whose residue characteristic does not divide n. 

If = Spec (-F) and char (F) \ n, then 74[n](-F) is isomorphic to (Z/nZ)^^. If / ^ 
char [F) is a prime number, we define the l-adic Tate module Ti{A) of A by 

Ti{A) :=limAr](F) (15) 

n>l 

with transition maps induced by y4[/"+^] A[l% This is a free Z;-module of rank 2g, 
with a continuous action of Gp = Gal (F^/F); by the way, note that A[l"^]{F) = A[r]{F^) 
since is etale over F. 

It is often convenient to use the corresponding Q/-vector space: 

Vi{A) ■.= Qi®z^Ti{A) (16) 

which defines a 25f-dimensional continuous representation of Gp over Q/. 
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2.4.3 Homomorphisms. Ti{A) is obviously functorial in A: thus, if B is another abehan 
variety over F, there is a canonical homomorphism 

Romp{A,B) ®^Zi ^}iom^^[G,]mA),Ti{B)). (17) 

We have the following properties (for the first three, see for instance [Mu], §19): 

(i) The homomorphism (17) is injective. 

(ii) Hom^ [A, B) is a free finitely generated abelian group. 

(iii) If is a geometrically connected F-scheme, then Horns {A, B) = B.omF{A,B). (If 
char (F) ^ 2, this can also be deduced from 2.2.3). In particular, if Q is any extension 
of F^ then Hom^ {A, B) = YLomp^ (A, B). 

(iv) If F is finitely generated over the prime field, then (17) is an isomorphism. 

Property (iv) is Tate's conjecture for homomorphisms of abelian varieties, proved by Fal- 
tings: for a proof, see [F-W], VI, §3, Theorem 1 (where it is stated for A = B, which 
implies the general case by considering products). 

We shall also use (iv) in the following (seemingly) weaker form: consider the natural 
homomorphism 

}louip{A,B)®^Qi-^Hi{A,B) := YLouiq, {Vii^A) ,Vi{B)) (18) 

which is the map (17), taken over F and tensored with Q;, and is therefore injective. 
Faltings' theorem implies (and, in fact, is equivalent to): 

(v) Assume F is finitely generated over the prime field. Then the image of (18) consists 
of those elements of Hi{A,B) whose stabiliser in Gp is open. In particular, it is 
determined by the image of Gp in AutQ, (if/(/l, B)). 

2.4.4 Elliptic curves. An elliptic curve over a scheme 5" is a pair {E,uj) where is a 
smooth proper S-scheme whose fibres are curves of genus 1 and u; is a section of E over 
5". We shall often drop u from the notation. Recall that there is a unique (commutative) 
S-group scheme structure on E with unit section uj: thus, we may equivalently define an 
elliptic curve to be an abelian scheme of relative dimension 1. 

2.5 Picard groups and schemes. 

For any scheme X, the Picard group of X, denoted by Pic {X), is the group of isomorphism 
classes of invertible i^x-modules. In good cases, this coincides with the group of Cartier 
(i.e. locally principal) divisors on X, modulo principal divisors: this is the case in particular 
if X is quasiprojective over F, by ([EGA 4], 21.3.4). If X is regular. Pic (X) is just the 
usual group of divisor classes on X. 

Now let / : X ^ S* be a morphism of schemes. We assume that / is proper and flat, 
and — universally. In our applications, 5" will be either an integral regular scheme 
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of dimension 1 (e.g. a nonsingular curve), or the spectrum of a field F. In the latter case, 
the condition on /*^x means that r(X, iffx) = F\ this holds whenever X is geometrically 
integral over F. 

One can then define the Picard functor Pic y/g of /. As a 'first approximation', we 
define the naive Picard functor from S'-schemes to abelian groups, by 

Pic^7F(T) := Pic {X xs T)/pt; (Pic (T)). (19) 

Now Pic y/g is another contravariant functor from S'-schemes to abelian groups, with the 
following properties (for which we refer to [B-L-R], Chapter 8): 

(i) For any S'-scheme T, there is an injective homomorphism, functorial in T: 

ax/siT) : Pic-;™(T) Pic^/g(T). (20) 

(ii) Pic y/g 'commutes with any base change' S' — > S, in the sense that if T is an S'- 
scheme and X' = X Xg S' then Pic y/g (T) = Pic y/ /g/ (T) (where, in the left-hand 
side, T is viewed as an S'-scheme in the natural way). 

(iii) If / has a section e : S' — > X, then the morphism ax/s is an isomorphism of functors 
on S'-schemes. Moreover, in this case the functors Pic^/^ and Pic y/g are isomorphic 
to the functor 

T ^ Wx/s{T) := Ker [pic (X Xg T) if!^!^ Pic (T) 

of 'invertibles sheaves on X which are trivial along e\ 

(iv) If S = Spec (F), then Pic x/p is representable by an F-group scheme locally of finite 
type, whose connected component (denoted by Picfx/p) i^ algebraic group over F, 
which is smooth if char (F) = or dimX = 1. 

(v) If S = Spec (F) and X is smooth over F, then Pic y/j^ is proper (hence an abelian 
variety if char {F) = or dimX = 1). 

(vi) If S = Spec (F) and X is a semistable curve (that is, X-p has only ordinary double 
points as singularities), then Pic'x/F is semiabelian, i.e. an extension of an abelian 
variety by a torus. 

Observe that if S = Spec [F), and X has an F-rational point (which is automatic when 
F is algebraically closed), (iii) implies Pic x/p i^) — Pic {X). In this case, Pic x/p (F) is 
the subgroup consisting of (classes of) invertible sheaves algebraically equivalent to zero; 
in particular, if X is a (not necessarily irreducible) curve, then Picfx/p i^) is the group of 
invertible sheaves having degree on each component of X. 

Property (iv), in the general case, is due to Murre; we shall use it only when X is a 
curve or a nonsingular surface. The situation is more delicate over a more general base 
S. But of course, we can apply (iv) to the fibres of /, which at least allows us to define a 
subfunctor Pic '^/g of Picx/s 

Pic^/5 (T) = {xE Picx/s m I Vt ET.XtE Pic^,/.(,)(«:(t))} 
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where, as usual, K,{t) is the residue field of t and the subscript t means base change by 
Spec — > T ^ So, loosely speaking, Pic '^/g parametrises invertible sheaves on X 
which are algebraically equivalent to zero in the fibres of /. 

There are deep representability results for Pic and Pic °; we shall only need the following 
special case, due to Raynaud: 

(vii) In addition to our general hypotheses, assume that S* is a regular integral scheme of 
dimension 1, that X is normal, and that each geometric fibre of / is a curve with at 
least one reduced irreducible component. Then Pjxfx/s representable by a smooth 
separated S'-group scheme. 

The representability is a special case of Theorem 2 of [B-L-R], 9.4 (which is stated over a 
discrete valuation ring, but the extension to our case is standard). Smoothness is automatic 
for the Picard functor of a curve, as explained in [B-L-R], 8.4, Proposition 2 (essentially, 
the reason is that H^(Xs, ^xj = for all s G 5*). 

Finally we shall need two well-known facts about Picard groups of surfaces. The first 
one is the birational invariance of Pic °: 

(viii) Let Z be a smooth projective geometrically connected surface over F, and let p : 
Z' — > Z be the blowing-up of finitely many (reduced) points. Then p* induces an 
isomorphism Pic %/p —^Pi(fz'/F- 

The other result we need is the structure of Pic ° of a product surface: 

(ix) Let X, Y be two smooth projective geometrically connected varieties over F. Then 
the natural morphism 

pr* © pr; : Picx/F Picy/i. — > Picfxx^n/F 

is an isomorphism. 

(Note that the analogues of (viii) and (ix) where Pic" is replaced by Pic are false). 
2.6 Jacobians. 

If X is a projective geometrically connected curve over F, we denote by Jac {X) the 
Jacobian of X, which is by definition Pi(fx/F- 

If X is smooth, it follows from 2.5 that Jac (X) is an abelian variety over F, and that 
if L is an extension of F such that X{L) ^ 0, then Jac {X){L) = Jac {Xl){L) = Pic°(Xi), 
the group of divisor classes of degree zero on X^. 

If X is semistable, then Jac {X) is semiabelian, by 2.5 (vi). 

If {E, u) is an elliptic curve, there is a canonical isomorphism E — > Jac (E) sending a 
point X to the divisor class [x] — [u] . We shall henceforth identify E and Jac (E) in this 
way. 
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If / : X — * y is a /c-morphism of smooth projective geometrically connected curves, 
there is a pullback morphism /* : Jac (Y) — > Jac (X), corresponding to the usual puUback 
of divisors. If y = is an elliptic curve, the map f ^ f* induces a group homomorphism 

MoiF (X, E)/E{F) — > Eomp {E, Jac (X)) (21) 

where of course we identify E{F) with the group of constant morphisms from X to E 
(or, alternatively, with the group of translations on E acting on Mor^ {X,E)). This map 
is always injective (to see this, use the fact that a morphism f : X ^ E also induces 
/* : Jac (X) — > E satisfying f^o f* = (deg/) Id^;). Furthermore, if X has a rational point, 
then (21) is bijective: this can be seen using self-duality of the Jacobian and the embedding 
of X into J{X) attached to a rational point of X (if X has genus > 1; otherwise both sides 
of (21) are zero). 

With X and E as above, assume now that X is endowed with an involution a (and E 
with the involution [—1]). Then (21) induces an injective homomorphism 

Mor??'^(X, E)/E[2]{F) ^ Hom^^'^(E, Jac (X)) (22) 

where, in the right-hand side, E (resp. Jac(X)) is given the involution [—1] (resp. cr*). 

2.6.1 Proposition. If X has an F -rational point fixed by a, then (22) is an isomorphism. 

Proof: Let P G X{F) be such a point, and let f : — * Jac (X) be an odd morphism. 
Since (21) is bijective, there is a morphism u : X ^ E such that u* = v. Changing m by a 
translation on E we may assume u{P) = (the origin of E). On the other hand, the fact 
that u* is odd means that {u + u o cr)* = 0, hence u + uoa:X^Eis constant. By our 
assumptions it sends P to 0, hence u + u o a = and u is odd. ■ 

2.6.2 Remark. It follows in particular that Mor'^'^{X, E) is a finitely generated abelian 
group, with torsion subgroup E[2]{F) and rank < 4genus(X). 

2.7 AfRne Diophantine sets. 

Throughout this section, we denote by i? a ring and by an i?-algebra. 

We denote by LR = {+, — , .,0, 1} the language of rings, and by LR(_R) the language 
LR augmented by the set of constants R. 

2.7.1 The case of afRne ra-space. Let n be a natural integer. A subset X of will be 
called primitive Diophantine (with respect to R) if there is an integer q and a finite sequence 
of polynomials Fi, . . . ,Fr G R[Ti, . . . , T„, Yi, . . . , Yg] such that, for t = {ti, . . . , t„) G 
we have the equivalence 

teX ^ 3y= (yi, . . . ,1/,) G ^'^ such that Fi{t,y) = ■■■ = F,(t,y) = 0. (23) 

With these notations, consider the i?-scheme W := Spec {R[T_,Y]/ {Fi, . . . , Fr)) ^ 

and the i?-morphism (f : W A"^ deduced from the projection {t, y) i— t. then X is 
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simply the image of the map ^{ff) : W{ff) A^(^) = given by (p. Conversely, it 
is easy to see that if W is any affine i?-scheme of finite presentation (that is, of the form 
Spec (A) where A is a finitely presented -R-algebra), and ip : W —>■ is an i?-morphism, 
the image of ip{ff) : W{ff) — ff^ is primitive Diophantine. 

A Diophantine subset of i^" is by definition a finite union of primitive Diophantine 
subsets. It is well known, and easy to see, that these subsets are precisely the positive- 
existentially definable subsets of in the language LR(i?). 

The above remarks justify the following definition: 

2.7.2 Definition. Let V he an affine R-scheme of Unite presentation, and let G be an 
R-algebra. 

A subset X ofV{ff) is called primitive Diophantine (with respect to R) if there is an 
affine R-scheme W of finite presentation, and an R-morphism ip : W ^ V, such that X is 
the image of ip{ff) : W{ff) ^ V{^). 

A Diophantine subset ofV{ff) is a finite union of primitive Diophantine subsets. 

The class of Diophantine subsets is closed under finite intersections and unions, images 
and inverse images by i?-morphisms, and various other operations (such as fibre products); 
these properties are easy to check. 

In particular, ifVdV is an immersion of affine i?-schemes of finite presentation, then 
X C V{^) is Diophantine if and only if it is Diophantine as a subset of V'{^). The most 
important case is, of course, when V = A^: thus, in this case, the Diophantine subsets of 
V{ff) are those which are positive-existentially definable in i^". 

2.7.3 Remark. It is not true in general that Diophantine sets are primitive Diophantine; 
however, this does hold if Spec (^) is connected (or, equivalently, if has no idempotent 
element other than and 1). In particular, this is true if ^ is a domain, or a local ring. 

2.7.4 Remark. It is of course natural to ask whether Definition 2.7.2 generalises to 
schemes V which are not necessarily affine. 

First, one should probably keep the 'finite presentation' restriction on V: loosely speak- 
ing, i?-schemes of finite presentation are those which can be defined by a finite set of data 
from R. 

Next, of course the extended notion should specialise to the previous one for affine V; 
hence, it also seems reasonable to 'use only affine VT's' in the definition. 

So, our definition of a primitive Diophantine subset of V{ff) (for an i?-scheme V of finite 
presentation) would be a subset which is the image of the map W{0') V{ff) induced 
by an i?-morphism W —>■ V, where W is some affine i?-scheme of finite presentation. Of 
course, a Diophantine subset is a finite union of primitive Diophantine subsets. 

The above definition differs from Mazur's ([Ma], Definition 1), who defines a Diophan- 
tine subset of V{^) as one which is the image of W{ff) for some i?-morphism W ^ V oi 
i?-schemes of finite type. 
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In any case, we have refrained from including the basic properties of these generahsed 
Diophantine sets in this paper. Of course, in a sense, this would have been the natural 
framework when working with elliptic curves; but as it turns out, elliptic curves contain 
very nice affine open subsets which are sufficient for our needs. 

2.7.5 Diophantine relations and maps. If V, V are affine i?-schemes of finite pre- 
sentation, and X, X' are Diophantine subsets of V{^) and V'{i?') respectively, a binary 
relation Z G X xX' is said to be Diophantine if it is Diophantine as a subset of (V xV'){ff). 
(Here products are in the category of of /^-schemes, i.e. fibered over Spec (R))- 

In particular, a map f : X ^ X' is Diophantine if its graph is Diophantine in (V x 
V'){^). Compositions of Diophantine maps are Diophantine, and images (resp. inverse 
images) of Diophantine sets by Diophantine maps are again Diophantine sets. 

2.7.6 Relative Diophantine sets. If V is an affine i?-scheme of finite presentation, and 
X G Y are subsets of V{ff), we say that X is relatively Diophantine in Y if it is of the form 
D r\Y, where D G V{ff) is Diophantine. Of course, if Y is Diophantine, this is equivalent 
to X being Diophantine in V{ff). 

This notion will be convenient in the following situation: if Z is a subset of V{ff), an 
n-ary relation on Z will be called relatively Diophantine if it is a relatively Diophantine 
subset of (wiewed as a subset of In particular, we can speak of a relatively 

Diophantine group (or ring) structure on Z, even if Z is not known to be Diophantine. 

2.7.7 Diophantine structures. Let V be an i?-scheme of finite presentation, and X G 
V{0') a Diophantine set. If is a first order language, a Diophantine ^-structure relative 
to R and iff, or (i?, ^)-Diophantine =Sf-structure, with underlying set X is an =Sf-structure 
on X such that all subsets of the various product sets X^ , and all maps — > X, relevant 
to the structure are Diophantine. 

As an example, take ^ = LR, the language of rings. Then an [R, ^)-Diophantine 
LR-structure consists of: 

(i) a Diophantine set X (w.r.t. R, in some V{^))] 

(ii) three Diophantine maps +, . : X x X ^ X; 

(iii) two elements Ox and Ix of X, which are Diophantine (i.e. {Ox} and {Ix} are Dio- 
phantine in V{ff)). 

Of course, an (i?, (^)-Diophantine ring is an (i?, ^)-Diophantine LR-structure which satis- 
fies the axioms of rings (commutative with unit), in the obvious sense. Equivalently, it is 
a Diophantine set X with a ring structure such that addition and multiplication are Dio- 
phantine maps, and the unit is a Diophantine element (the other conditions easily follow 
from these using the ring axioms). 

2.7.8 Proposition. Let V he an afRne R-scheme of finite presentation. Let Jtf be any 
first order language, and X G V{&) an {R, ^) -Diophantine ^-structure. 
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(i) Let r a nonnegative integer, and Z C a subset which is positive-existentially 
definable in ^ . Then Z is Diophantine as a subset ofV^{ff). 

(ii) Assume that the positive-existential theory of G in LR(/2) is decidable. Then the 
positive-existential theory of X in ^ is decidable. 

Proof: (i) By definition, there is an integer m and a quantifier-free and negation-free 
formula (p in in r + m variables, such that 

Z = { {xi, . . . , Xr) G X'^ I 3(yi, . . . , Hm) e X"^ such that (j){x, y) holds }. 

This is the image, by the projection V"^ V' to the first r factors, of the set Z' C X^^"^ 
defined by (j). It suffices to prove that Z' is Diophantine, which is done by an easy induction 
on the length of (j), using elementary properties of Diophantine sets and maps. 

Now (ii) is an easy consequence of (i). The assumption means that there is a procedure 
P to decide, for any given affine i?-scheme W of finite presentation, whether the set W{G) 
is empty or not (indeed, W{<ff) may be described as the set of solutions in some <ff^ 
of a finite system of polynomial equations with coefficients in R). We now need to find 
another procedure which does the same for subsets of X*" which are .^'-positive-existentially 
definable. But by (i) such a set Z is Diophantine in y(^), hence there are affine -R- 
schemes Wi, . . . , Ws of finite presentation and morphisms ipi : Wi such that Z = 

Ui=i V^j(^j(^))- So Z is empty if and only if each Wi{ff) is empty, which can be detected 
by applying P. ■ 

In particular, from (ii) and Matijasevich's theorem, we get: 

2.7.9 Corollary. Let R be a ring and G an R-algebra. Assume that there exists an 
{R, ff)-Diophantine ring A C V{&), for some R-scheme V of finite presentation, such that 
A is isomorphic to Z as a ring. 

Then the positive-existential theory of G in LR(i?) is undecidable. ■ 
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3 The specialisation theorem 



3.1 The specialisation map. 

Let R he a. discrete valuation ring with fraction field F, and put S = Spec (R) . Denote 
by k the residue field of R. Choose an algebraic closure F of F, and a prime / 7^ char(/c). 
Fix a valuation v of F extending the valuation v defined by R. The residue field of v is an 
algebraic closure of k, which we denote by k. The corresponding decomposition group and 
inertia group are denoted by -D = Di^j and I = ly respectively. 

If A is an abelian scheme over S, then / acts trivially on Ti{Af) (because All""] is finite 
etale over S, for all n), and we have an isomorphism 

Ti{Ap)^Ti{Ak) (24) 

(which depends on the choice of v: observe that k is implicit in Ti{Ak)). 

On the other hand, if B is another abelian S'-scheme, every F-homomorphism Ap ^ Bp 
extends (uniquely, of course) to an S'-homomorphism A ^ B ([B-L-R], 1.2, Proposition 
8). So we get a 'specialisation' homomorphism 

Homi. {Ap, Bp) Honifc (A,., Bk) (25) 

which is injective: this can be deduced from the isomorphism on Tate modules defined 
above, or from 2.2.2, or from the 'rigidity lemma' of [Mii-F], Proposition 6.1. Of course, 
this also applies over finite extensions of F, so that we have an injective homomorphism 
of free finitely generated Z- modules 

Hom^ (A^, %) Hom^ (A^, Bj:) (26) 

which is compatible with the action of D^^j. One recovers (25) from (26) by taking Galois 
invariants on the left, and invariants on the right (note that morphisms of abelian 
varieties are always defined over finite separable extensions of the ground field, hence we 
are safe from inseparability problems). Changing the choice of v does not change the 
cokernel of (26), up to an isomorphism of abelian groups. Moreover: 

3.1.1 Proposition. The cokernel of the speciahsation map (25) has no torsion prime to 
the characteristic of k. Consequently, the same holds for (26). 

Proof: Assume we have homomorphisms u : A ^ B and Vk '■ Ak ^ Bk such that nvk = Uk, 
where n is prime to char [k). We need to show that there is a v : A ^ B such that nv = u 
(this V will automatically lift Vk). Now, u induces a morphism u[n] : A[n] B[n] of finite 
etale group schemes. Its kernel must then be open and closed in A[n], but the assumption 
implies that it contains v4fc[n], so it is equal to A[n]. This means that u factors through 
[n]^, as desired. ■ 

3.1.2 Remark. If R' is a discrete valuation ring dominating i?, with fraction field F' and 
residue field k' , we obtain a specialisation map from }lorarpr{A-pr, B-py) to Homp(A|T, -Bp-), 
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with obvious notations. Due to 2.4.3 (iii), this map is isomorphic to (26), in the obvious 
sense; in particular, they have isomorphic cokernels. 

These constructions also apply when R = F and R' is a discrete valuation ring contain- 
ing F: of course, (25) and (26) are then just identity maps, and therefore the specialisation 
map 'over i?" is an isomorphism. Believe it or not, this trivial remark will be used below. 

3.2 The specialisation theorem: notations. 

Let k he a field of characteristic p > 0. Let U C be a nonempty open set, and let 
A ^ U and B ^ U he two abelian schemes over U . Let z denote the standard coordinate 
on P^, and put F = k{z) (the function field of U). For x G U{k), we have, as special cases 
of (25) and (26), specialisation maps 

sp^ : Hom^ (Ap, Bp) — > Hom^. (A^, B^) (27) 
sp^ : Hom^ (%, B-p) — > Hom^ (A^, B^) (28) 

where (28) actually depends on some choices (in particular, 'x is a geometric point above 
x). Of course, if k' is any extension of fc, we can do the same for points x G U{k'), using 
the abelian schemes Atji and Bw over U' := U ^^pcc{k) Spec {k'). Now define two 'regular 
sets' in U{k'): 

Reg (A, 5, k') = Reg {k') := {x G U{k') \ Coker (sp^) is finite} 

= {x G U{k') I sp^ is almost bijective (1.5.1)} 

= {x G ulk') I rkRompiAF, Bp) = rkHom^. {A^, 5^)} 

(29) 

(for the second equality we use 3.1.1). And we have the 'geometric' version of Reg: 

Reg (A, 5, k') = Reg {k') ■= {x e U{k') \ Coker (sp^) is finite} (30) 
with similar equivalent formulations. 

3.2.1 Remark. Observe that the definition of Reg involves the algebraic closure of k{z), 
which is a much bigger field than k{z). 

Accordingly, if k is algebraically closed, it is easy to see that Reg {k) C Reg {k) (the 
point is that, with the above notations, we have x = x) but in general the inclusion is 
strict. For instance, let E he & fc-elliptic curve without complex multiplication, and take 
for A the constant abelian scheme E x ¥\ ^ Then take for B the quadratic twist 
of A by the double cover of P^ given by k{\/z) (this extends to an abelian scheme over 
U = Gra,k)- it is easy to see that Reg (k) = U{k) while Reg {k) = 0. 

3.2.2 Remark. For general k, it is not true that Reg (/c) C Reg(/c). As an example, 
take A = E X Fl ~* Fl as before, and assume there is some fc-elliptic curve E' which is 
/c-isomorphic to E but has no nontrivial /c-morphism to E. Now take B ^ U such that 
G f/(A;) and the fibre Bq is /c-isomorphic to E' , while the j-invariant of B in k[z) is not 
constant. Then is in Reg {k) but not in Reg {k). 
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3.3 Theorem. (i) If k' C k" are extensions of k, then Reg {k') = Reg {k") fl k' . 

(ii) If X & k' is transcendental over k, then x G Reg {k') fl Reg {k'). 

(iii) (R. Noot [N]) If k is finitely generated over the prime field, then Reg {k) fl Reg {k) 
contains a Hilbert set in P^(/c). 

Proof: parts (i) (which we shaU not use) and (ii) foUow from Remark 3.1.2: for (ii), observe 
that if X is transcendental over k, then its local ring in Uk' contains F. 

Let us sketch the proof of (iii) (the reader can find details in [N], §1, where the context 
is slightly different: the base is not necessarily an open subset of P^, but one looks at the 
specialisation map for closed points, not just rational points). 

Choose a prime / 7^ p, and put Hi{Af, Bp) := HomQ, (V5(/li?), V/(5ir)), just as in (18) 
of 2.4.3. For x G U{k), we have a similarly defined Q/- vector space Hi{Ax, B^), which 
is isomorphic to Hi[Af, Bp) via the isomorphism (24); the G^-action on Hi{Ax, Bx) is 
compatible with the Gi^-action on Hi{Af, Bp), via the natural group homomorphisms 
^ Gp- Let us denote both these Qrspaces by Hi. 

Now if k (hence also F) is finitely generated over the prime field, we know by Faltings' 
theorem (2.4.3 (v)) that the rank of Homy {Ap, Bp) (resp. of Hom^ {A^, B^)) is determined 
by the image of Gp (resp. Gk) in Aut^, (if^). 

In particular, we shall have x G Reg {k) whenever has the same image in A\liQ^{Hl) 
as Gp. Moreover, for such an x the groups and Gp have the same invariants in Hi, 
hence we can also conclude that x G Reg {k). 

But since the image of Gp is an /-adic Lie group (as a closed subgroup of AutQ, (//;)), 
we conclude from a result of Serre ([Sol], or [Sc2], 10.6) that for x in a suitable Hilbert set 
the images of Gi;' and are equal. ■ 

Let us now prove an effective version of (a weaker form of) (iii): 

3.4 Theorem. With the notations and assumptions of 3.2, assume that k is finitely gen- 
erated over the prime field, and assume that the rank r of Hom^T^ {Ap, Bp) is known. Then 
there is an algorithm to construct a polynomial P G k[z,u], with the following properties: 

(i) as an element of k{z)[u], P is separable with no roots in k{z); 

(ii) for any A G U{k), we have the property: 'if P{X,u) G k[u] has no root in k, then 
X G Reg (k) '. 

Proof: Put dA = dim{A/U), de = dim{B/U), and U = Spec R, with R = k[z,D{z)-^] 
for some D G k[z]. 

Fix a prime / 7^ char(/c), and consider, for n G N, the t/-schemes A[l"'] and 
These are finite etale ?7-schemes in Z//"Z-modules, locally free of ranks 2dA and 2dB, 
respectively (for the etale topology on U). It follows that 

Hn := Hom^_grp„p schemes (^[^"]> ^[^"]) (31) 

is a similar group scheme, with Z//"Z-rank Ad Ads. 
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Note that, for given n, equations for and can be computed from equations 

of A and B. Thus, one can describe (resp. -B[/"]) as the spectrum of a locally free 

(hence, in fact, free) -R-bialgebra An,A (resp. A„^b) of rank /^^ciA (^esp. /^"'^^). The scheme 
Hn is simply the [/-scheme of bialgebra morphisms An.B A.n,A, which in turn can be 
described explicitly from the equations. 

Faltings' theorem (2.4.3 (v)) over F can be stated as 

HomiT {Af, Bp) ® Z; ^limi7„(F). 

n>l 

Since {Hn{F))n>i is an inverse system of finite groups, it satisfies the Mittag-Leffler con- 
dition. It follows that, for n large enough (say, n > uq), the image of Hn{F) in Hi{F) is 
equal to the image of the projective limit, and hence, by Faltings' theorem, to the image 
of Homp {Ap, Bp). The latter is clearly isomorphic to Homp {Ap, Bp) ®i Z//Z, which is 
a Z//Z- vector space of dimension r. 

Moreover, since the image of the natural map pn,F '■ Hn{,F) Hi{F) obviously de- 
creases as n grows, we now see that no is computable: just compute the image of pn,F for 
increasing n, until it has dimension r (the knowledge of r is clearly essential here!). 

Consider now Hna- As a finite etale [/-scheme, it decomposes canonically as a disjoint 
sum of a trivial covering H'^" and a finite etale [/-scheme H'^^ with no section over U (or, 
equivalently, over Spec(F)): thus, H'^"{F) = Hno{F), and in fact -f[^"^ can be identified 
with Hno{F) X U. Consider the natural [/-morphism 

Pno • Hi. 

This is a morphism of etale covers which, by construction, sends H^" to the trivial sub- 
covering of Hi whose generic fibre is the image of Hno{F) in Hi{F). So this subcovering 
has degree r. 

Let us now take a look at H'^^^: this is a computable, open and closed subscheme 
of Hng. There is a dense open subscheme [/i of [/ (of the form Ui = Spec Ri, with 
Ri = k[z, {D Di)^^] for some computable Di G k[z]) such that H'^^ Xu Ui is isomorphic to 
Spec i?i[M]/(Pi) for some Pi G k[z,u]. 

Now put P = DiPi. Clearly P satisfies (i), since H'^^ is etale over U and H'^^{F) = 0. 
Let A G U{k) be such that P{X,u) has no root in k. Then of course -Di(A) ^ 0, hence 
A G Ui{k). Hence H'^^^{X) is the set of roots of Pi (A, u) in k, which is empty by assumption. 
This means that Hno{\) = -f[*"^(A). Hence the image of Hno{\) in Hi{X) has cardinality 

But this image contains }lomk{Ax, Bx) ®z {'L/l'L)., hence the Z-rank of Hom^ {A\., Bx) 
is at most r, hence equal to r. ■ 

3.4.1 Remark. We do not give here a precise definition of 'effective'. Observe, however, 
that the above procedure only uses the standard constructions of effective algebraic geom- 
etry, as explained for instance in [F-.T], Chapter 17. In particular they can be carried out 
effectively if k is 'presented' over the prime field ([F-.J], Section 17.2) and Ap, Bp and their 
group laws are given by explicit equations. 
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4 The relative Jacobian of a fibered surface 



4.1 Notations. 

In this section, we consider the following situation: /c is a field (with algebraic closure 
k and separable closure k^, as usual), S denotes the fc-projective line P^, with standard 
coordinate z and generic point rj (thus, r] = Speck{z)). We denote by 

9:X — > S = ¥l (32) 

a /c-morphism with the following properties: 

(i) X is a projective, smooth, geometrically connected surface over k; 

(ii) 6 is surjective with geometrically connected fibres and smooth generic fibre; 

(iii) every geometric fibre of 6 has at least one reduced component; 

(iv) : Xfcs P^s has a section. 

(In fact, condition (iii) is easily seen to be a consequence of (i) and (iv)). Observe that 
all these properties are invariant under ground field extension. Also, (ii) implies that 
Gs —^Q*^x universally. We put 

n := Pic°v/, and J := Pic^/s- (33) 

Thus, n is an abelian variety over A;, and J — 5 is a smooth separated S-group scheme 
with connected fibres, by 2.5 (vii). 

For each extension k' of k and each point A G Sik'^ we denote by X\ the fibre of Q at 
A: this is a projective connected curve over /c', which is smooth except for finitely many A. 
The fibre J\ of J at A is the Jacobian Jac {X\) of X\. 

We have a canonical morphism of 5'-group schemes 

e:n5:=^x,n^J (34) 

such that, for k' and A as above, ^\ : 11^/ — > J\ is the 'restriction to X\ morphism from 
Pic^„/fe' toPic^^/,,. 

4.2 Proposition, ('connected Neron mapping property') For every smooth group scheme 
G over S, with connected fibres, and every nonempty open subscheme U of S, the obvious 
restriction homomorphism 

Romu {Gu, Ju) — ^ Hom^ (G^, J^) 

is an isomorphism. 

Proof: This follows from [B-L-R], 9.5, Theorem 4 (b) which says that J is the connected 
component of the Neron model of J^. ■ 
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4.3 Proposition, ('fixed part property') The morphism ^ of (34) is universal for mor- 
phisms from constant abelian S-schemes to J. 

In precise terms, if A is an abelian variety over k, every S-morphism u : As J of 
S -group schemes equals o (Id^ x v), for a uniquely defined k-morphism v : A U of 
abelian varieties. 

Proof: By descent it suffices to prove tlie corresponding universal property for tlie morpliism 
^fes : IIpi^^ — > Jfcs. In otlier words, we may assume tliat k is separably closed. 

Now let A be an abelian variety over k. We have to prove that the natural map 

Hom5 {As, Us) Roms {As, J) (35) 

obtained by composition with ^ is an isomorphism. 

To prove injectivity, let us ffist remark that by 2.4.3 (iii), every 5'-morphism As Us 
is constant (in other words, we have Uomk {A, U.) —>-B.oms {As, Us)). Hence if such a 
morphism is nonzero, it comes from a fc-morphism u : A U such that y := u{x) ^ 
for some x G A{k). It is enough to prove that the image of the constant section ys by ^ 
is a nonzero section of J over S. But since k is separably closed, X{k) is nonempty, so 
we can view ?/ as a (nontrivial) invertible sheaf Ly on X, algebraically equivalent to zero. 
By inspecting the definition of ^, one then checks that C,{ys) is just the image in J{S) of 
the class of Ly in Fic'i^jl^S) = Pic(X)/^*Pic(^), via the morphism (20). Recall that the 
latter is injective: hence, if ^{ys) were zero, then Ly would be the puUback of an invertible 
sheaf on S, necessarily of degree zero (because Ly is algebraically equivalent to zero), hence 
trivial (because S* = P^), a contradiction. 

(Remark: until this last argument, S could have been any projective smooth curve over 
k, not just P^. To generalise the above to such an S, just redefine 11 to be the cokernel of 
r : Jac(5)^Pic^/,). 

For surjectivity, we shall use the assumption (iv) of 4.1, which means (since k is sepa- 
rably closed) that 6 has a section e : S ^ X. Hence by 2.5 (iii), we can view a morphism 
u : As ^ J a.s an invertible sheaf on {A Xf. S) x s X satisfying certain conditions (in par- 
ticular, the condition of being trivial on ({0^} X/, S) Xs X since m is a group morphism). 
But since As XsX = Axi.X,we end up with an invertible sheaf on A Xj. X, trivial on 
{Oa} Xfc-^ and hence (since A is connected) algebraically equivalent to in every fibre of the 
projection Axf^X A. In other words, we have found a /c-morphism v : A ^ Picx/fc — n, 
which sends to 0, hence is a morphism of abelian varieties; checking that ^ o v = u is 
then routine. ■ 

4.4 The specialisation map. 

We now fix a nonempty open subscheme U G S over which 6 is smooth, and an abelian 
variety A over k. We denote by Au the constant ?7-abelian scheme A x^ U, and by Ju 
the restriction of J above U (which is also an abelian scheme since Xu is a smooth proper 
U-cuTve). 
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For each X ^ U{k), we have an inclusion jx : Xx ^ X, whence a fc-morphism : 11 
Jx of abehan varieties, and a group homomorphism 



H{\) ■ Honifc (A, n) 



u 



Honifc (A, Ja) 



For later use, we also have, for any extension k' of fc, a homomorphism 

H{\ k') : Homfc, (A, H) — ^ Hom^/ (A, Ja) 

obtained by base field extension (thus, H{\) = H{X, k)). 
On the other hand, we have the specialisation map 

sPa : Hom^(A^, J^) -> Homfc(A, Ja) 



(36) 



(37) 



(38) 



defined in (28) (here, rj = Spec {k{z)) is the common generic point of S and U). We shall 
now connect the maps (36) and (38): 

4.4.1 Theorem. There is a natural group isomorphism 

V : Hom/j {A, 11) ^ Hom^(/l^, J^) 

witi tie property that, for every A G U{k), we have spx o z/ = H{X). 
In particular, for each such X, we have the equivalence: 

X G Reg {Ajj, Ju, k) <^=^ H{X) is almost bijective. 

Proof: Recall from 4.1 that : 11 Jx is the fibre at A of the morphism : Us : = 
S XpU — > J of (34). This allows us to insert both H{X) and spA in a commutative 
diagram of groups: 



Homfc {A, n) 



Roms {As, Us) 

13 (composition with ^) 

Roms (As, J) 



H{X) (sec (36)) 



Homfc {A, Jx 



restriction to fibre at A 



7 (restriction to U) 

Honipi {Au, Ju) — 



restriction to fibre at A 



(5 (restriction to ff) 

Hom^ (A^, Jrj) — 



sp;, (see (38)) 



Homfc {A, Jx) 
Homfc {A, Jx) 
Homfc {A, Jx) 



(39) 



The commutativity of the diagram is immediate from the definitions of ^ and H{X) 
(for the top square), and from the definition of the specialisation map 'sp' (for the bottom 
square). Let us now prove that the four left vertical arrows are isomorphisms. 
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For a, this is clear: a morphism of constant abelian schemes over a connected /c-scheme 
must be constant (this may be seen as a special case of 2.2.3). For f], this is the fixed part 
property 4.3; for both 7 and S, this is the Neron property 4.2. This completes the proof. 



4.5 The geometric specialisation map. 

4.5.1 Notations. Keeping the notations of 4.4, we fix in addition an algebraic closure 
k{z) of k{z), and we put r] := Spec {k{z)) and f] := Spec {k{z)). For X E U{k) (or even in 
U{k)), we consider the diagram 

^ Romj:{A,Jx) 

^ Hom^(A,JA) (40) 
^ Hom^ {A, Jx) 

in which the top square is obtained by applying Theorem 4.4.1 after replacing k by k. The 
commutativity of the bottom square is clear from the definitions of both specialisation 
maps. 

We cannot expect l to be an isomorphism in general. However, this is true under 
additional assumptions on 6' : X ^ S* which will be satisfied in the case we shall consider: 

4.5.2 Theorem. With the notations of 4.1 and 4.5.1, assume in addition that there is a 
point s G S{k) such that, putting U = S \ {s}: 

(i) for each point y ofU, the fibre Xy of 6 at y is a semistable curve (i.e. it has at worst 
ordinary double points, see 2.5 (vi)); 

(ii) writing the geometric fibre (-^s)^ as Y2i=i''^i^i wiere the Yi's are distinct integral 
divisors, then none of the multiplicities mj is divisible by p; moreover the reduced 
divisor {Xs)rcd = ^i=i ^'s a semistable curve. 

Then the morphism l in diagram (40) is an isomorphism. In other words, every k{z)- 
morphism from A to is defined over k{z). 

Consequently, for each X E k, we have the equivalence: 

X G Reg {Au, Ju, k) <J=^ H{X, k) is almost bijective. 

Proof: We may and will assume k = k. Let us denote by k{zy the separable closure of 
k{z) in k{z), and by 77*^ its spectrum. By 2.4.3 (iii), what we need to show is that every 
/c(z)''-morphism from A to J,j is defined over k{z). So, we consider the abelian group 

M := Hom^s (A^s, J^s). 



Hom,(An) ^^^'^^ '''' 



Hom^ {Ajf, Jfj) — — 

t (field extension k(z)^k(z)) 

Hom- {A=, J=} 
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This is a free finitely generated Z-module (see 2.4.3 (ii)), with a continuous action of G := 
Gal {rj^/ri); we have to prove that this action is trivial. 

For every y e S{k), let us denote hy ly C G one of the inertia groups at y, and by 
Py C ly the wild inertia subgroup (i.e. the maximal pro-p-subgroup of ly, or the trivial 
subgroup if p = 0). It is well known that G is generated (as a normal subgroup) by all 
the ly, for y G U{k), together with {if p = this just means that U = A], is simply 
connected; if p > 0, there are nontrivial etale coverings of A^, but they are wildly ramified 
at infinity). Hence, our claim will follow from: 

4.5.3 Lemma. (i) M is unramified over U (in other words, for all y G U{k), the sub- 
group ly acts trivially on M). 

(ii) M is tamely ramified at s (in other words, Pg acts trivially on M). 

Proof: Assertion (ii) follows from assumption 4.5.2 (ii), and [Sa], Theorem (3.11) (in fact 
we only use the 'easier half of this result). Let us prove (i). 

Let / 7^ p be a prime, and consider the Qrvector spaces V/(J^) and Vi(Ari) (see 2.4.2). 
Both are finite-dimensional Qj-vector spaces with continuous actions of G, but in the case 
of Vi{Aj^) this action is trivial since A is defined over k and k is algebraically closed. 

Consider the natural injective map 

M ^RouiQ^ {ViiAr,),Vi{J,)) (41) 

which is compatible with Galois actions. Since M is a finitely generated Z-module, there 
is a normal subgroup G' of G of finite index which acts trivially on M, so that the image 
of M is in fact contained in Hom^^ {Vi{Ari), V/(J^))'^ . But since the action of G on Vi{Ajj) 
is trivial, we conclude that 

M ^ HoniQ, {Vi{A,), Vi{J,f'). (42) 

Now let y he a. point of U{k). By assumption 4.5.2 (i), Xy is semistable, hence Jy is 
semiabelian by 2.5 (vi). Hence, the action of ly on Vi{Jrj) is unipotent, by [SGA 7], IX, 3.5 
(or [Sa], Theorem (3.8)). So, we have a finite group (namely ly/IydG') acting unipotently 
on the Qi-vector space Vi{Jrj)'^ : such an action must be trivial, so the action of ly on M 
is trivial too. ■ 
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5 Double covers, involutions, and twists 



In this section, all rings and schemes will be over Z[l/2] (that is, 2 is invertible in rings, 
and all residue characteristics in schemes will be 7^ 2). 

5.1 Double covers. 

By a double cover we mean a morphism n : S ^ S oi schemes, which is finite locally free 
of degree 2: in other words, vr is affine and the ^5-algebra 7r^,(^g is locally free of rank 2 as 
an module. Recall that since vr is affine it is completely determined by this <^5-algebra. 

For such a morphism vr, there is a canonical i^^-linear projector vr^^g — > given by 
the 'half-trace'. Consequently, vr^i^g = &s®L (as ^g-module), where L = Ker(Tr^g/^g) 
is an invertible (^5-module. 

5.1.1 Local description. We can cover 5" by open affine subsets on which L is trivial. 

So let us assume S = Spec (A) is affine, and S = Spec {B) where B has an A-basis of the 
form (1,5) with Ttb/a{^) = 0. An immediate computation shows that D := 6^ E A, and 
that B = A[VD] := A[X]/{X^ - D). 

Conversely, every morphism which is locally of the form Spec (yl[\/D]) Spec {A) is 
obviously a double cover. 

5.1.2 Globalisation. Returning to the global isomorphism vr*^g = iffs® we see from 
5.1.1 that multiplication in vr^,^g induces an ^5-linear map /i : L*^^ Gs-, which of course 
completely determines the ^5-algebra structure on tx^G-^. 

In other words, the category of double covers of S (with ^-isomorphisms as morphisms) 
is equivalent to the category of pairs (L, v) where L is an invertible ^5-module and z/ is a 
global section of L®~^ (with the obvious isomorphisms as morphisms). 

The local description also shows that if vr : S* ^ 5 is a double cover, then 5* has a 
canonical S -involution a-,^ = cr^^g, given locally hj 6 ^ —6, and globally on vr^,^^ by 
X X — Tr(x). The subring of invariants is Gs; the ^g-submodule of vr^^g consisting of 
anti-invariant elements is L. 

In particular, the pair {S, a^) determines vr; geometrically, vr is the quotient (in the 
category of schemes) of S by the Z/2-action given by aj,. 

5.1.3 Remarks. We use the notations of 5.1.1 and 5.1.2. 

(i) The element S used in 5.1.1 is well defined up to a unit in A, and D is well defined 
up to the square of a unit; the discriminant of B over A, relative to the basis (1,5), is 
AD. The scheme of zeros of D in 5* is, of course, also well defined, and is the branch 
locus of vr. 

(ii) The morphism vr is etale if and only if (in the local description) D is invertible in A, 
or (globally) if z/ is a trivialisation of L*^"^. In this case, locally for the etale topology 
on S, S is isomorphic to the trivial double cover S n S. 
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(iii) If z/ = (or, locally, if = 0) then n^iffg is the ^5-algebra ffs® L in which L is an 
ideal of square zero. In particular, if L = iffs-, then S is the 'scheme of dual numbers' 
over S. 

(iv) In the local description, assume that A is a field (of characteristic 7^ 2, of course). 
Then: 

• if 7^ 0, then B is either Ax A 01 a. quadratic extension of A\ 

• if D = 0, then B = A[X]/{X^). 

(v) It is well known that S* is a regular scheme if and only if S is regular and the branch 
locus of TT is a regular divisor in S. For instance, in the local description, if A is a 
discrete valuation ring, then is regular if and only if D has valuation or 1. 
In fact, the case of interest to us will be when S and S are Dedekind schemes (mostly, 
smooth curves over a field or localisations of such curves). 

5.2 Weil restriction. 

Let us fix a scheme S and a double cover tt : S ^ S. We denote by a = 0-,^ the canonical 
involution of 5*. If T is an S-scheme, we put T := S XsT: this is a double cover of T, with 
canonical involution denoted by ctt, or simply by a. 

For simplicity, we shall restrict our constructions (Weil restrictions and twists) to 
quasiprojective S'-schemes X ^ S: this means, by definition, that S can be covered by 
open subsets U such that the restriction Xu U is a. (locally closed) subscheme of a 
projective fZ-space PJ}. 

If X is a quasiprojective S'-scheme, we shall denote by WR (X) the functor from S'- 
schemes to sets defined by 

Ti — ^ WR(X)(T) :=Mor5(r,X). (43) 

This is known as the Weil restriction of the S'-scheme X, with respect to vr (in general we 
consider vr as fixed once and for all; if necessary we shall use the notation WR (X —>■ S,7r)). 

By functoriality, we have a canonical involution on WR(X), deduced from a, and also 
denoted by a if no confusion arises. 

We refer to section 7.6 of [B-L-R] for general properties of the Weil restriction. Let us 
recall some of them: 

(i) WR (X) is representable by a quasiprojective S'-scheme (which, as is customary, we 
shall still denote by WR(X)). 

(ii) WR 'commutes with base change': if S" ^ S' is an S'-scheme, and we denote by primes 
the objects over S' obtained by base change, then WR (X' — > S", vr') is canonically 
isomorphic to WR (X — > 8,71)'. 

(iii) The functor X 1— WR (X) commutes with finite products (of S'-schemes, i.e. fibered 
over S), and in particular takes S'-group schemes to S'-group schemes. 
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(iv) If X is the affine n-space A^^, and if 7r*<^g is a free ^s-module (which is always the 
case locally on S), then WR (X) ^ A|". 

Explicitly, assume for simplicity that S = Spec (A) is affine, and S = Spec (A[-\/Z^]) 
for some D & A. Then, for any A-algebra k, we have a natural bijection 

A|"(A;) = k''xk'' — > (A;[/D])" = WR{X){k) 
{x, y) I — > X + yVD. 

The natural involution a on WR (X) is given by (x, y) i— (x, —y). 

(v) If y is a closed (open) subscheme of X, then WR (Y) is a closed (open) subscheme 
of WR (X). 

(vi) If X is affine over S, then so is WR {X). 

(vii) If vr is the trivial double cover SuS — S, then WR (X) = Xx sX, with the involution 
exchanging factors. 

(viii) If vr is the standard 'zero discriminant' cover, i.e. ir^^ffg = ^5'[x]/(x^), then WR(X) 
is the relative tangent bundle Tx/s of X over S. More generally, if vr^^g = ffs ® 
where L is an ideal of square zero, then WR {X) is the vector bundle Tx/s®L~'^ over 
X. The involution a is the bundle automorphism given by multiplication by —1. 

Note that (viii) amounts to nothing but the usual scheme-theoretic definition of the tan- 
gent bundle; in particular, the bundle projection Tx/s X corresponds to the morphism 
WR {X) — >• X deduced from the obvious section 'x = 0' of vr. 

For the unfamiliar reader, let us make this explicit in the affine case: so, assume 
S = Spec (A) and X = Spec (i?) (where R is an A-algebra). For any A-algebra k, a 
/c- valued point ( of WR(X) is an A-algebra morphism R ^ k[e] = k Q) ke (we adopt 
the traditional notation e for the class of x modulo x^). Such a morphism has the form 
/ I— > ip{f)+d{f) e, where ip : R —>■ k is a. morphism of A-algebras (thus making k into an R- 
module), and d : R k is an A-derivation. Now ip defines a /c- valued point z & X{k) (the 
projection of ( on X) and 9 is a tangent vector at z, in the usual definition by derivations. 
More precisely, if we view Tx/s as Spec Sym^ ^r/a (where f^Jj/^ stands as usual for Kahler 
differentials), then we get a homomorphism Sym^fi^^^ k (that is, a /c- valued point of 
Tx/s) sending f dgi ® ■ ■ ■ ^ dgn to (/?(/) d{gi) . . . d{gn). 

5.3 Twists. 

We keep the notations of 5.2. Let (X, r) be a quasiprojective S-scheme with involution. 
Consider the functor from S'-schemes to sets defined by 

T I — > X^^\T) := Mor^'^'^(f ,X), (44) 

the set of morphisms T ^ X compatible with the involutions. (Here again we omit tt from 
the notation). This is a subfunctor of WR(X), which we shall call the (quadratic) twist of 
(X,r) by vr. 
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Let us list some properties of this construction (which are easily deduced from the 
properties of WR stated in 5.2): 

(i) In addition to the involution a, we now have on WR {X) an involution deduced 
from r by functoriality (and also denoted by r), which commutes with a. It is clear 
from (44) that X(^) can be seen as the subfunctor of WR {X) defined by 'a = r', 
or, equivalently, as the fixed point subfunctor for ar. As a consequence, X^"^^ is 
(representable by) a closed subscheme of WR(X) (hence is also quasiprojective). 

(ii) X^'^^ commutes with any base change S' — >• S", in a sense analogous to 5.2 (ii). 

(iii) The functor X i— > X^'^^ commutes with finite products. If X is an S-group scheme 
and r is an automorphism of X, then X^"^^ is an S'-subgroup scheme of WR {X). 

(iv) Assume that X is the affine (m + n)-space A^"*"", with coordinates (x, a^), and r 
acting by (x, a/) (x, —a/) . 

Moreover, assume for simplicity that S = Spec (A) and S = Spec {A[^/D]) , as in 
5.1.1. 

Then X^'^^ is isomorphic to A™^". Explicitly, with the notations of 5.2 (iv), we have 
the isomorphism 

A^+"(/t) = /t™ X /t" ^ X^^\k) C A;[/D]™+" 
{x,y) I — ^ {x,yVD). 

(v) If y is a closed (open) subscheme of X, stable by r, then Y^'^'^ is a closed (open) 
subscheme of X^'^\ 

(vi) If X is affine over S, then so is 

(vii) If TT is the trivial double cover SuS-^ S, then X(") ^ X. Consequently, if TT is etale 
then X(^) is an etale twist of X, i.e. locally isomorphic to X for the etale topology 
on S] explicitly, X Xs S is S-isomorphic to X^'^'> Xs S. 

(viii) Assume that vr is the standard zero discriminant cover, as in 5.2 (viii), and let F C X 
be the closed subscheme of fixed points of r. Then X'^'^^ is isomorphic to the normal 
bundle Ny/x of Y in X. (More generally, if vr^^g = G's ® where L is an ideal of 
square zero, then X*^"^-* is the vector bundle Ny/x ® over Y). 

Let us explain (viii). In this case we know from 5.2 (viii) that WR(X) is the tangent 
bundle Tx/s- On this bundle, r acts as the tangent map to r : X — > X, and a acts by 
multiplication by —1 on the fibres. Using, (i), this means that X*^"^) sits above Y, and is in 
fact the subbundle of {Tx/s)\y on which r (which is now a vector bundle endomorphism) 
acts by —1. Now since all residue characteristics are ^ 2, the action on r on (Tx/s)\y splits 
it into its +1 and — 1-subbundles, the former being Ty/s and the latter being canonically 
isomorphic to the normal bundle of Y in X. 

We also have a projective analogue of (iv) in the etale case: 
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(ix) Assume that X is the projective (m + n — l)-space P™"*"" ^, with homogeneous co- 
ordinates written as {Yi : . . . : 1^ : Y"/ : . . . : = (Y_ : F'), and r acting by 
{Y:r)^{Y:-r). 

Moreover, assume (for simphcity) that S = Spec (A) and S = Spec {A[\/D]) , as in 
5.1.1, and that D is inveriible in A. Then X^'^^ is isomorphic to p™+"~^ (with similar 
homogeneous coordinates denoted by (y_ : V^)), via the map 

pm.+n-l ^ ("^^ 

(v-.v:) ^ {v:y:^/d). 

5.3.1 Remark. In case (ix), the situation is more complicated if D is not invertible. 
Assuming for instance that D = 0, we can determine X^'^^ by using (viii). Now the fixed 
locus of r is the disjoint union of two linear subspaces F and F' of X, given respectively 
by r = and y' = 0. Hence X(^) is a disjoint union of their normal bundles, isomorphic 
to X \ F' and X \ F respectively. 



5.4 The case of elliptic curves. 

With TT : S* — * S' as in 5.1, we consider the elliptic curve E in the projective S'-plane P|, 
defined in homogeneous coordinates {X, Y, Z) by 

E: Y"^ Z = P{X,Z) (45) 

where P is homogeneous of degree 3 with coefficients in 1^5, monic in X, with nonvanishing 
discriminant. As usual, we give E the group structure with origin = (0 : 1 : 0); in this 
way, E becomes a smooth commutative S'-group scheme. 

The involution r = [— 1]^; sends {X : Y : Z) to {X : —Y : Z) (or equivalently to 
{—X : Y : —Z)), and the subgroup E[2] is defined hj Y = 0: this is a finite etale group 
scheme of degree 4 over S, the disjoint union of u and the closed subscheme E[2]* of 'points 
of exact order 2' (see 2.2). Since £"[2]* is also the intersection of E with the line Y = 0, 
its complement in E is affine, and can be identified (via the affine coordinates x = X/Y, 
z = Z/Y) with the closed subscheme 

Faff : z = P{x, z) (46) 

of the affine plane A^. Note that the origin u conveniently has coordinates (0,0) in E^s, 
and that Faff is invariant under r, which sends (x, z) to (— x, —z). This affine model will 
turn out to be much more useful to us than the 'usual' one (the complement of c^; in F). 

Our goal is to study the twist F^"^^ of F by vr. For simplicity, we shall always assume, 
as in 5.1.1, that S = Spec (A) and 5" = Spec (F) with B = A[^/D], for some D e A. We 
put 

■■= Spec{A[l/D])cS 
A := Spec {A/ DA) C S. ^ ^ 
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Thus, A is the 'branch locus' of vr, and S^d is its open complement. The subscript 'nd' 
stands for 'nondegenerate' and will also be used to denote restriction of S'-schemes to S'nd- 



We can easily give a crude 'qualitative' description of E^'^'^: we already know that it 
is a smooth quasiprojective S-group scheme, whose restriction to S'nd is an etale twist of 
E'nd (that is, an Snd-elliptic curve locally isomorphic to £'nd for the etale toplogy). On the 
other hand, if s is a point of A, then the fibre E^'^^ of E^'^'^ at s is isomorphic to the normal 
bundle of the fixed locus of r. This fixed locus is Es[2] which is etale over the residue field 
k{s), hence E^'^^ is the restriction to Es[2] of the tangent bundle of E, which is trivial. We 
conclude that there is a canonical isomorphism 

EM = E,[2]xGa,.(.). (48) 

so that, geometrically, Ei^^ is a disjoint union of four affine lines. 

Describing E^'^^ as a scheme is harder, especially if one wants a description by equations 
and inequations in some projective space (recall that E^^^ is quasiprojective). What we 
shall do is describe by equations an open subgroup scheme of E^'^\ sufficiently big for our 
needs. Specifically, E has two open subschemes whose twists are easy to see, namely, -End 
and E^Q. So let us twist these first: 

5.4.1 The twist of E^^ is isomorphic to the elliptic curve (p'nd C P| ^ given in homoge- 
neous coordinates {U, V, W) by 



V^W = DP{U,W). (49) 



The isomorphism is given by 



{U:V:W) I — > {X -.Y : Z) = {VDU -.V : VDW) ^ ' 

which is just a special case of 5.3 (ix), restricted to the appropriate curve. 

5.4.2 The twist of E-^f^ is isomorphic to the affine curve S'^s C A| given in affine coor- 
dinates (u, w) by 

w = DP{u,w). (51) 



The isomorphism is given by 



(52) 



(recall that r is induced by multiplication by —1 on the plane). 

If s is a point of A, then by (51) the fibre {^3^)3 is the affine line = 0. On the other 
hand, by definition of i?afr, the only point of order two in (-Eafr)* is the origin, so the fibre 
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of (i^aff)''^'' at s is the tangent line to Eg at the origin; from the description (48) we see 
that this is the connected component of the K(s)-group scheme {Es)^'^\ 

Recall that, as a smooth S-group scheme, E^'^^ has a connected component E^'^'>°, which 
is the largest open subgroup scheme of E^'^'' with connected fibres. We shall now describe 
first (in 5.4.3) as a subgroup scheme of E^'^\ and then (in 5.4.5) as an S'-scheme in 
its own right (that is, by equations). 

5.4.3 Proposition. (i) iJ^^)" is the open subset of E^'^^ given by 

E^^> = (Eaff)^^) U iE^aY^\ 

(ii) The multipUcation by two in E^'^^ factors through E^'^^°. Equivalently, for any A- 
algebra k, we have 

2E^^\k) C E^^>{k). 

(iii) Let x E E^'^\A) correspond to the odd morphism x : S ^ E. Then the following are 
equivalent: 

(a) X E EM°(A); 

(b) for each point s E A, x sends the only point 's of S above s to the origin of Eg; 

(c) for s and 's as in (b), x(s) is not a nontrivial 2-division point of Eg (equivalently, 

X{s) E -Eaffl 

Proof: (i) Since both sides are open subschemes of E^'^'^ we need only show that they 
coincide set-theoretically, or that they have the same fibre over S. If s is a point of S'nd, 
then Ei") = (End)i"^ is an elliptic curve, hence connected and equal to Ei'^^° . If s G A, we 
have seen in 5.4.2 that and (^aff)^^^ have the same fibres at s. 

(ii) Again, since ff° is an open subscheme it suffices to see that the set-theoretic image of 
[2]g is contained in ff°. This is clear above S'nd, and above A it follows from the description 
(48). 

(iii) Clearly, the restriction of x to S'nd is in ^^"^°(^nd) by (i). Thus, x E E^^>{S) if and 
only if, for each s G A, we have x{s) E Es'^^° . So we may, by base change, assume that A 
is a field (with spectrum S = {s}) and D = 0. But by (i) (or by 5.4.2), E^'^^° is then equal 
to (i^afr)^^-*, so this is equivalent to the condition that x factors through E-^s, which in turn 
is equivalent to (c) because E'afr is an open subscheme of E. Hence, we have (a)<s=>(c). 

Obviously, (b) implies (c); conversely, since x is odd the point x(s) must be a 2-division 
point of E, hence (c) implies (b) because the only 2-division point of E'afr is the origin. ■ 

5.4.4 Gluing. It follows from 5.4.3 (i) and the descriptions 5.4.1 and 5.4.2 that E^'^^° can 
be constructed by gluing <fnd and ^aff in some way. The gluing is in fact the obvious one: 
the affine equation (51) defining S'^s is the affine form (obtained by putting u = U/V, 
w = W/V) of the homogeneous equation (49) defining S^^^ (observe, however, that ^nd 
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is restricted to -D 7^ 0). So we are led to define closed subschemes S° and ^ of P| (in 
homogeneous coordinates ?7, V, VT) by 

V^W = DP{U,W) , . 

^ : = = 0. ^^"^^ 

Clearly, ^ C Now define ° C P| by 

g°:=^\^. (54) 

It is clear from the equations (53) that: 

• over Snd, we have ^° •S'nd = ^° X5 •S'nd = ^nd, and 

• ^° n (y ^ 0) = s^^. 

Moreover the isomorphisms (50) and (52), viewed as open immersions from and 
into obviously glue together to form a morphism 

r- r- (55) 

{U -.V -W) I — > (X : F : Z) = (/D t/ : 1/ : /D W^). ^ ^ 

5.4.5 Proposition. The morphism j of (55) is an isomorphism of ° witii tiie connected 
component E^'^'>° of E^'^\ 

Proof: it is clear from 5.4.3 (i) and the construction of j that the image of j is E^"^^". We 
know that j induces an isomorphism of ^nd with E^J (namely, (50)) and an isomorphism of 
S'as with E^ (namely, (52)). To conclude, we only have to check that (50) maps S'^d H <Cfr 
onto E^J n -Eaff ' which is immediate if one observes that E^J fl E^ = {E^d H E^.sY'^^ ■ 
We now prove a useful property of E^'^\ which follows directly from its definition: 

5.4.6 Proposition. ('Neron mapping property') Assume that S is integral with generic 
point 7], and that S is regular. Then the natural map 

E^^\S) ^EM(r/) 

is an isomorphism. 

Proof: We have to show that the natural map 

Mor°'^'^(S, E) — ^ Mor°<^'^(^, E) 

is bijective. Injectivity is clear because rj is dense in S (indeed, S is flat over S and 77 
is dense in S). Next, take any odd S'-morphism x : rj ^ E. It suffices to extend x to 
an S'-morphism S ^ E (automatically odd by density). Now, x certainly extends to an 
S'-morphism Xi : U ^ E where t/ is a dense open subset of S. We can view xi as a section 
over U of the S'-elliptic curve E Xs S. But since S is regular, the fact that Xi extends 
to a section over S is a standard property of elliptic curves (and, more generally, abelian 
schemes): see ([B-L-R], 1.2, Proposition 8). 

(Remark: we shall only use 5.4.6 when dimS = 1. In this case, it is easy to replace the 
reference to [B-L-R] by the valuative criterion of properness). ■ 



42 



Part II 

Proof of the main theorem 



6 Twisted elliptic curves over function fields 

6.1 Notations. 

In this section we apply the constructions of Section 5 to the following situation: 

• k is a. field of characteristic different from 2; 

• the base scheme S is (with standard coordinate t); 

• the double cover n : S S is 

vr : r P^ (56) 

as in 1.4.4; thus F is a smooth curve over k, and vr is etale above oo and ramified at 
0. The unique point above is denoted by Or, and the natural involution on F by a. 

(Note that S is not affine, while results of Section 5 are often presented in the affine 
case; however the extension to this case is usually obvious). 

The function field of F is isomorphic to k{t, \J R{t)). It will be convenient (and 
compatible with the notations of 5.1) to denote by 5 one of the square roots of R{t) 
in this field; the affine curve vr" -^(A^) is then Spec 5], where k[t,5\ = k[t][s]/{s^ - 
R{t)), with 6 corresponding to the class of s. 

• E denotes an elliptic curve over k, with equation 

E: Y^Z = P{X, Z) (57) 

in projective coordinates X, Y, Z, and Es P^. denotes the constant P^-elliptic curve 
E Xfc P^ ^ IPfc) with its natural involution r = [— l]^;.,. 

From these data, we deduce a P^-group scheme 

^ = eP — . Fl (58) 

the twist of Es by ir, defined in 5.3 and studied in 5.4. This is a smooth commutative 
P^-group scheme of relative dimension 1; over the generic point of P^ it can be given by 
the homogeneous equation (in Pfc((), with projective coordinates U, V, W) 

V'^W = R{t) P{U, W) (59) 

as in (49); this description is in fact valid above fl Snd where 5'nd (notation of (47)) is 
the complement of the zeros of R in S. 
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6.2 Points of S. 



Let T ^ 5 = be any S'-scheme. By definition of a twist (see (44)), tlie group S{T^ = 
MoTs {T, S) can be described as Mor^'^'^(T, Eg), wliere T = x 5 T is tlie double cover of 
T deduced from vr. 

But here, by definition of Es-, an S-morpfiism T Eg = E S is the same thing as 
a /c-morphism T ^ E, so we get a canonical isomorphism 

<f (T) ^ E(f )°'^'^ := Morf '^(f , E). (60) 

Explicitly, assume that, say, T = Spec (L) where L is an extension of k{t): we can describe 
an element of S'{T) as a nontrivial solution [U, V, W) G L'^ of (59). The isomorphism (60) 
maps this element to {X : Y : Z) = {6U : V : 6W): this is indeed an L[(5]-valued point of 
E, which is odd since changing 6 to —6 amounts to applying [— Ij^. 

6.3 The twisted elliptic curve: points over function fields. 

6.3.1 The curve Cg. Consider now our /c-curve C from 1.4.2, and assume given a 
nonconstant rational function g on C, which we view as a /c-morphism C ^ S. We denote 
by Cg the ^'-scheme thus obtained, and accordingly by Kg (as in 1.4.2) the function field 
K oi C viewed as a finite extension of k{t), via g. 

Denote by Cg the curve C Xg,pi,7r T (recall that our plan is to let g vary). Thus, we 
have a Cartesian diagram of projective /c-curves 

Cg r 

i-' (61) 

C=Cg S=¥l 

with all maps finite and flat. The ring of rational functions on Cg (its function field, if it 
is irreducible) is Kg = K[S]. 

In any case, vr' is a double cover and Cg has a canonical involution, which we denote 
by a (of course, this a induces the involution on Kg sending 6 to —6). 

As explained in Section 1, we are interested in the group S'[Kg) of K^-rational points 
of ^. 

6.3.2 Proposition. We keep the notations and assumptions of 6.3.1. 

(i) Cg is geometrically connected over k. 

(ii) If the ramification loci of g and ir in are disjoint, then Cg is smooth over k. 

(iii) If g has only simple ramification, then Cg is semistable (see 2.5 (vi) ). 

(iv) If g is admissible in the sense of 1.5.2, then Cg is smooth, and for all (resp. all but 
finitely many) X E k*, the curve Cxg is semistable (resp. smooth). 
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(v) There is a canonical isomorphism of groups 



(62) 



(vi) If Cg is smooth, the natural map Mors {Cg, S') ^{Kg) is an isomorphism. 
In particular, by (62), we have a canonical isomorphism 



Proof: (i) is clear because C is geometrically connected and %' is a ramified double cover 
since vr is. 

(ii) Let g be a point of Cg. The assumption implies that either g is etale at vr'(g), or vr is 
etale at ip{q). In the first (resp. second) case, ip (resp. vr') is etale at q by base change, 
hence Cg is smooth at q because F (resp. C) is smooth. 

(iii) We may assume k algebraically closed. The proof of (ii) shows that if g is a singular 
point of Cg, then c = vr'(g) and e = ip{q) must be branch points of g and vr respectively, 
mapping to the same point x of P^. If z denotes a local coordinate at x, the completed local 
ring of X in is isomorphic to and the completed local rings of c and e in C and 
r are respectively isomorphic, as /c[[z]]-algebras, to [m]/(m^ — z) and /c[[2;]][f]/(f^ — z). 
So, the completed local ring of q is isomorphic to [u, t;]/(u^ — z,v'^ — z), hence to 
/c[[m]]/((u^ — v"^), which proves that q is an ordinary double point. 

(iv) is an immediate consequence of (ii) and (iii), and (v) is a special case of (60) (applied 
with T = Cg). 

(vi) Since Cg is a smooth curve and E is projective, every /c-morphism u : Spec Kg E 
extends uniquely to a /c-morphism Cg ^ E, and the condition on involutions is of course 
preserved. (Alternatively, we can invoke the Neron property 5.4.6). ■ 

6.3.3 Remark. It follows from (63) and Remark 2.6.2 that if Cg is smooth, then (S'{Kg) 
is a finitely generated abelian group, with torsion subgroup E[2]{k). 

We can now prove assertion (ii) of 1.5.4: 

6.3.4 Corollary. With the same notations and assumptions, let k' be an extension of k. 
Ifkis separably closed in k', then S{k'{t)) = S{k{t)) and ^{k'{C)g) = <g{Kg). 

Proof: It suffices to prove the second equality. By 6.3.2 (vi) this is equivalent to 



6.3.5 Remark. From 6.3.2 (vi) we obtain a description of the group S{Kg), entirely in 
terms of (morphisms of) projective curves over k. This will be our viewpoint in the 
subsequent sections, where no 'geometry over will be involved; in particular we shall 
then forget about S completely. 



<g{Kg)^MOlt\Cg,E). 



(63) 
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Let us now compare S'{k{t)) and ^{Kg): 



6.4 Proposition. Assume that g : C ^ ¥\ is admissible. Then the following conditions 
are equivalent: 

(i) g is good for E and T, i.e. <g{Kg) = (see 1.5.2); 

(ii) the homomorphism 

Morr(r,i?) — Morr(C=„i?) .g^. 

j I , jo(p 

is almost bijective (see 1.5. Ij; 

(iii) the homomorphism 

Morf "^(r, E)/E[2]{k) ^ Morf'^iCg, E)/E[2]{k) (65) 

(deduced from composition with (p ) is almost bijective. 

Proof: Of course, the subgroups E[2]{k) appearing in (65) are simply tlie groups of constant 
odd morpliisms from F (resp. Cg) to E. Since tliey are also tlie torsion subgroups of 
Morf '^{T,E) and Morf "^(C^, E), the equivalence of (ii) and (iii) follows. 

The equivalence (i)-v^(ii) is clear because the maps (9) and (64) correspond to each 
other via the isomorphism of 6.3.2 (vi). ■ 



6.5 Reduction to a problem about Jacobians. 

We shall now reformulate the 'goodness' property of 1.5.2 (or rather, its equivalent form 
6.4 (iii)) in terms of Jacobians. So let g : C ^ be an admissible morphism. By 
functoriality of Jacobians, ip : Cg ^ T gives rise to ip* : Jac (F) — > Jac(Cg), hence to a 
morphism of abelian groups 

Hom°<^'i(E,Jac(F)) Homf '^(E, Jac (C,)) .^g. 

where ip* : Jac (F) Jac (Cg) is deduced from (p, and the 'odd' superscripts refer to the 
involution [—1] on E, and the involutions induced by the double cover structures on F and 

Cg. 

Clearly, the map (66) is connected to (65) via the morphism (22) of 2.6: we have a 
commutative diagram 

MoTf\T,E)/E[2]{k) ^ Homf'^(E,Jac(F)) 

(65) (66) (67) 

MoTf'^{Cg,E)/E[2]{k) ^ Eomf "^{E, Jac (Cg)) 

where all maps are injective, and the horizontal maps are isomorphisms by 2.6.1 (indeed, 
F has a rational point fixed by a, namely Op). So, 6.4 immediately implies: 
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6.5.1 Proposition. With the notations and assumptions of 6.4, g is good if and only if 
(66) is almost bijective. ■ 

Let us now get rid of the annoying superscript in (66). By its very definition as a 
fibre product, Cg is contained in the product surface C x F; let us denote by ig = (vr', (p) : 
Cg C X r the inclusion. This induces a morphism of fc-abehan varieties 

■■ PicLr/fc Jac (Cg) (68) 
and, in turn, a group homomorphism 

Honife {E, i*) : Honife {E, Pic^^r/fc) — ^ Honife {E, Jac (Cg)) ,gg. 

6.5.2 Lemma. The involution aofT induces [—1] on Jac (F). 

Proof: We may assume /c algebraically closed. Then a point of Jac (F) corresponds to a 
divisor ^ of degree 0. Now ^ + (t((^) is the puUback of a divisor of degree on (namely 
7r^,(^)). Such a divisor is principal, hence so is ^ + cr(,^). ■ 

6.5.3 Proposition. Let g : C be an admissible morphism. 

Assume that the homomorphism Hom^ {E,i*) of (69) is almost bijective. Then g is 
good. 

Proof: Clearly, the canonical involution a on Cg is induced by r := Idc x o" on C x F, 
hence a* on Jac (Cg) is compatible (via z*) with the involution r* on Pic^xr/fc- Now, the 
assumption of the proposition clearly implies (by restriction to the 'odd' parts) that 



Homf<^(i?,Pic°;,rA) — Hom°'i'i(i?, Jac (C,)) ^^^^ 



U I > ig O U 



is almost bijective. But we know from 2.5 (ix) that Pic^xr/fe canonically isomorphic to 
Jac (C) X Jac (F); under this isomorphism, r* corresponds (by Lemma 6.5.2) to Idjac(c) x 
[— l]jac (r)- It follows that the odd homomorphisms from E to Piccxv/k those which fac- 
tor through the inclusion Jac (F) -^^-^ Piccxr/fc- Hence we have a chain of almost bijective 
homomorphisms 

Homfc(i?,Jac(F)) ^ Homf '^(E, Pic°,xr/fc) ^ Homf -^(E, Jac (C,,)) ^^^^ 
u I — > prg o u; V I — > i* o v. 

Since the composite of these maps is just (66), the proposition follows. ■ 
Of course, we can apply this 'over k\ to obtain: 
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6.5.4 Proposition. Let g : C ^ Fj. be an admissible morphism. Assume that the natural 
homomorphism 

Hom^(E,i;) : Hom^(E,Pic^^r/fe) — ' Hom^ (E, Jac (C^)) .^2) 
is almost bijective. Then g is very good. ■ 
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7 Geometry of a pencil of curves 



7.1 Notations. 

In this section we keep k, C, Q, E, T, tt as in 1.4, and an admissible fc-morphism / : C ^ P| 
as in 1.6. Recall that Or G T{k) denotes the unique zero of vr. We put d = deg(/) and 

Co := /~^(0) and Coo := /"^(oo). 

These are viewed interchangeably as closed subschemes or as effective divisors on C; note 
that both are reduced of degree d, and that cq contains the finite set Q. 
Similarly, we define divisors on F by 

7o := 7r~^(0) and 7oo := 7r"^(oo). 

Here, of course, 70 = 2 [Or] as a divisor, while 700 is a reduced divisor of degree 2 because 
of the assumptions on vr in 1.4.4. 

For A 7^ in /c (or, more generally, in an extension of k) we put 

'■= C\f 

where C\f is defined in 6.3.1. Thus, X\ is the curve in C x F defined by '\f{a) = n{by 
{a E C, b E T). By abuse, we shall still denote by / (resp. tt) the composed map / o pr^^ 
(resp. 71 o pr2) on C x F. 

We want to view Xx as a 'family of curves with parameter A'. This leads to consider 
the rational map 

00 := vr// : C x F > P^,. 

Roughly speaking, Xx is ^(A)'. We have to make this precise, including when A is or 
00; this amounts to 'make the rational map 6q into a morphism'. Now the divisors of zeros 
and poles of / and vr on C x F are 

(/)o = Co X F, (/)oo = Coo X F, 

(7r)o = C X 7o = 2(C X Or), (vr)oo = C x 700. 

Geometrically (i.e. over k) (/)o and (/)oo are (disjoint) unions of d copies of F; (vr)oo is a 
union of two copies of C, and (vr)o is a 'double C\ The function 60 is undefined at the 
finite sets So := (/)o n (vr)o = Co x 70 and 5*00 := (/)oo n (vr)oo = Coo x 700. To make 60 
defined everywhere we have to perform some blowups. The situation is quite simple at 
5*00, because Oq = n/ f and (1/vr, 1//) is a local coordinate system at points of Soo- It is 
more complicated at Sq, where vr has a double zero: at each point of 5*0 there are local 
coordinates of the form {u, f) and a unit e such that vr = eu"^, so that ^o = ^"u^ / f ■ So we 
need a two-step modification of C x F, detailed below. 
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7.2 The blown-up surface X. 



Let pi : X' ^ C X r be the surface obtained by blowing up 5*0 and 6*00, viewed as reduced 
subschemes. This gives rise to exceptional divisors Di^ = p^^{So) and -Di,oo = Pi^iSoo)- 

If y is a curve on C x F, let us denote by pl{Y) its proper transform on X'. Then the 
divisor of 6*1 := 6q o pi on X' is given by 

poles: (6'i)oo = p'(C X 7oo) +p'(co X r), 

zeros: (^1)0 = pl(coo x T) + 2pl{C x Or) + Z^i.o- 

So 9i is defined except at S'q := Di q Pi p*(co x F) where the zeros and poles meet: this 
finite set maps isomorphically onto 6*0 in C x F. 

Now let P2 '■ X ^ X' he the blowup of S'q, with exceptional divisor D2fi, and let 
p = pi o P2 : X ^ C* X F. The divisor oi 9 := 9q o p is given by 

poles: (e)oo = P*(C X 7oo) + p*(co x F), 

zeros: (^)o = p*(coo x F) + 2p'(C x Or) + p'pi,o). 

Since these divisors have disjoint supports, ^ is a morphism to P^. Thus, we have a 
commutative diagram 




and the properties of X and the family of curves 9 are summarised in the following propo- 
sition, where we assume k separably closed to alleviate notations; note that all our con- 
structions commute with ground field extension. (The picture is of course simplified: for 
instance, C x 700 in C x F consists in two copies of C, not one). 

7.3 Proposition. Assume that k is separably closed. 

(i) X is a smooth projective surface, and p is birational. 

(ii) p induces an isomorphism 

of abelian varieties over k. 

(iii) 9 is projective and Bat with geometrically connected fibres. For A G fc*, the fibre 
9^^{X) maps isomorphically via p to the curve Xx in C x T. 

(iv) The fibre 6'~^(oo) maps isomorphically to {C x 700) U (cq x F) C C x F. It is a union 
of d disjoint copies of F and 2 disjoint copies of C, each F of the first set meeting 
each C of the second transversally at one point. 



50 



(v) The fibre Xq = 6 ^(0) is a union of: 

• a copy of C, with multiplicity two in the fibre, mapping isomorphically to the 
divisor 2{C x Or) in C x T; 

• d disjoint copies ofT, each attached to the above copy ofC by identifying Or G F 
to one of the poles of f on C; 

• d disjoint copies of P^, each attached to the above copy of C by identifying one 
point with a zero of f . 

(vi) The fibre Xx is semistable for each A G \ {0}. 

(vii) Every component of D2fi (the exceptional divisor of P2) maps isomorphically to P^ via 
9, hence defines a section of 9. The same holds for every component of ^(-Di,oo) = 
P2pi,oo)- 



simple double „ „^ n n n 

^ . zeros 01 t), di, Po 



blow-up centres 

'general' fibre of 0, 9i, On , . „ „ 

^ ixiu sections of 

poles of 6*, 6*1, 00 




The surface X The surface X' The surface C x F 



Proof: Most assertions follow from a careful look at the construction of X, so we leave the 
details to the reader. For (ii), use 2.5 (viii) twice. For (vi), use (iv) for the fibre at 00, and 
6.3.2 (iii) for the other fibres. (Also, note that if p > we use the assumption of 1.4.2 that 
the points of Q are separable over hence, under our assumptions, rational). ■ 

Proposition 7.3 allows us to apply the results of Section 4 to 9: 

7.3.1 Proposition. Let [/ C P^ be the smooth locus of 9 (or any nonempty open subset 
of it). We have the inclusions 

(i) Reg {Eu, Ju, k) C Good {E, F, /, k), 

(ii) Reg {Eu, Ju, k) c Good (E, F, /, k) 
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where the sets Good and Good (resp. Reg and Reg ) are dehned in 1.5.2 (resp. (29) and 
(30) of Section 3). 

Proof: (i) Let A belong to Reg {Eu, Ju, k). We have a commutative diagram 

^-i(A) X 

(74) 

Xx = Cxf ^ CxT 

where jx and ixf are the natural inclusions, and the left vertical map is an isomorphism 
by 7.3 (iii). Applying the ' Pic ?/^' functor, we get a commutative diagram 

^ ]i (75) 

where p* is an isomorphism by 7.3 (ii). 

By Proposition 7.3, 6 satisfies all the assumptions of 4.1. So we can apply Theorem 
4.4.1 (with A = E) to conclude that the group homomorphism 



Hi\) : Honifc (^, Pic^) Hom,. (E, J; 



.X/k) 



deduced from by functoriality, is almost bijective. But from diagram (75) we see that 
the same holds for the homomorphism 

Homfe (^,Pic|?,xr/fc) — ^ Homfc (-E, Jac (Ca/)) 
u I — > i\f o u 

which is the morphism (69) with g = A/. Hence we conclude by Proposition 6.5.3 that A/ 
is good, i.e. A G Good {E, P, /, k). 

The proof of (ii) is completely similar: just apply 6.5.4 instead of 6.5.3, and Theorem 
4.5.2 instead of 4.4.1, observing that the extra assumptions of 4.5.2 are satisfied here (in 
particular the fibre at infinity does have a multiple component, but its multiplicity is 2; 
this of course would ruin our argument in characteristic 2). ■ 



7.4 Proofs of Main Theorem 1.7 and Theorem 1.12. 

Our Main Theorem now readily follows from Proposition 7.3.1 and the specialisation the- 
orems 3.3 and 3.4. Let us first prove 1.7 (i): let k' be an extension of k, and let A G /c' 
be transcendental over k. Then A G Reg {Eu, Jjj, k') by 3.3 (ii), hence A G Good [k') by 
7.3.1 (ii). 

Assume now that k is finitely generated over the prime field. By 3.3 (iii), there is a 
Hilbert subset of k contained in Reg(/c), hence in Good (A;) by 7.3.1 (ii). This proves 
1.7 (ii). 
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The proof of Theorem 1.12 is similar. Namely, we assume here that k is presented over 
the prime field ([F-J], 17.2), and that E and C are explicitly given. By 7.3.1 (i) it suffices 
to find an effective Hilbert set in Reg [Eu, Ju, k). This is possible by the effective version 
3.4 of the specialisation theorem, provided that the rank of Hom^ [Ej^, Jrj) is known (here 
r] is the generic point of Pj.) and that we have exphcit equations for Er, and Jj^. For Er^, 
just take the equations of E. For J^, a procedure for finding equations for the Jacobian of 
a curve is given in [A]. 

For the rank of Hom^ {Ej^, J^), we have a chain of isomorphisms 

Hom^ (E^, Jr,) — ~ > Homfc (^,Picwfc) =— ^ Homfc (^,Piccxr/fc) 

(4.4.1) (7.3 (ii)) 

> Homfc (E, Jac (C) x Jac (F)) = > Homfc (E, Jac (C)) x Homfc (E, Jac (F)) 

(2.5 (ix)) 

which completes the proof since the rank of the right-hand side is known by assumption. 
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Part III 

Applications to undecidability 

8 Self-twisted elliptic curves. 

8.1 Notations. 

We denote by k a field of cliaracteristic different from 2; the important cases in applications 
will be K = Q and n = our ground field k of characteristic zero. 

We fix an elliptic curve E over k (in our applications, E will be defined over Q). We 
have a canonical double cover 

Ti = E-^L (76) 

which is the quotient of E by the involution [—1]. The curve L is smooth projective of 
genus zero, with a rational point (the image of the origin of E), hence is isomorphic to P;^. 
For the moment we refrain from fixing a coordinate on L (or equations of E), to emphasise 
the intrinsic character of our constructions. However, we can safely denote by e L[k) 
the image of the origin. 

Thus, the branch locus of tt consists of the point plus three other (geometric) points 
of L, the images of the points of order two of E. 

We denote by n{L) the function field of L, by ^ C n{L) the local ring of in L, and 
by m its maximal ideal. Finally we put S = Spec (^). 

8.2 The self-twist ^. 

We denote hjEL = EXi^L^L the constant L-elliptic curve deduced from E by base 
change, and we consider the quadratic twist 

^ — >L (77) 

of El by vr, as defined in 5.3: this is the self-twist of E. It is a smooth quasiprojective group 
scheme over L, which induces an elliptic curve over the complement Lnd of the branch locus 
of vr (notation of 5.4, (47)). 

Note that if, say, ^ e L{hi) is a rational point, then vr~^(^) is a double cover of Spec (k) 
(the spectrum of a two-dimensional K-algebra), and the fibre S"^ is the twist of E by 7r^^(^). 

Recall from 5.4 that we have important open subschemes 

<Cfr C (3'° C ff 

where ^afr is affine over L and ff ° is a subgroup scheme of ^ with connected fibres. 
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8.3 Sections of S'; the canonical section. 

From the definition (44) of a twist, we have in particular a canonical isomorphism of groups 

^{L)^Moif''{E,EL) (78) 
where E is viewed as an L-scheme via vr. But by definition of E^, this boils down to 

^ End,(E) X E[2](k) ^ ' 

(clearly, odd morphisms E ^ E have the form t o u where m is a group scheme endo- 
morphism and r is translation by a 2-division point). In particular, we have a canonical 
section 

-f-.L^S' (80) 

corresponding to Id^; under the first isomorphism of (79) (and to (Id^;, 0) under the second 
one). We call 7 the canonical element of (S'{L). It has the following 'tautological' descrip- 
tion: if, say, ^ G L{k,) is a rational point, then we have an inclusion 7r~^(,^) ^ E which 
obviously respects involutions (by definition of vr). But this is precisely the definition of a 
K-point of the fibre of at ^, and this point is just 7(0- 

We shall denote by 75 (or 7^) the section of c^s induced by 7; similarly we have 
ML) e <g{K{L)). 

Note that by construction 7 has infinite order in ^{S)] we take this opportunity to 
prove the following result, which will be used in Section 12. 

8.3.1 Lemma. Assume k = Q. Then for all but finitely many C, G -^(Q), th.e fibre S"^ of 
at ^ is an elliptic curve, and 7(^) G (S'^{Q) has infinite order. 

In particular, every elliptic curve over Q has a quadratic twist with positive rank. 

Proof: Clearly, S'^ is an elliptic curve for almost every For such a ^, let C Q be the 
field of rationality of the two points ±C of 7r~^(,^): we have [F^ : Q] < 2. By definition of 
7, 7(,^) has finite order in ^g(Q) if and only if ( has finite order in E{F^). So, all we have 
to show is that the set T of torsion points of E{Q) which are rational over some quadratic 
extension of Q is finite. But this is an easy consequence of the theory of heights, for which 
we refer to [Lan], Chapter 5 or to [Se2], Chapters 2 and 3. Namely, the canonical height 
of any point of T is zero, while bounding both the canonical height and the degree defines 
a finite subset of 



8.3.2 Proposition. (i) The canonical homomorphisms 

<g{L) — > <g{ff) — > <S{k{L)) 
are isomorphisms. In particular, by (79), we have an isomorphism 

Mor°^'^(E,E) — 
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(ii) The isomorphism (81) above maps Endi^{E) onto In particular, 7^ G f?°((^). 

(iii) The element 7(0) G S'q{k) is nonzero. 

(iv) ^afr(^) = (Hence, by (ii), Z7^ C <faff(^);. 

(v) If does not have complex multiplication over k (that is, Endfi{E) = then 

Z7^ = ^aff(^)=^°(^). 

Proof: (i) follows from the Neron property 5.4.6, since £^ is a regular scheme, and (v) is a 
trivial consequence of (i), (ii) and (iv). 

Let us prove (ii). Let u : E —* E he a.n odd K-morphism, and let fi G (f(^) be 
the corresponding section of First, since (^"^(^1) = '^k(L)^ have /i G if and 

only if /i(0) G (S'^, the fibre of at zero. Now, /x(0) is obtained as follows. Consider 
j : 7r~^(0) ^ E. This is simply the first infinitesimal neighbourhood of the origin uj of E, 
isomorphic as a scheme to Spec {n[e]) (with = 0). The composition u o j : 7r~^(0) — > E 
is an odd morphism, hence by definition a point of (S'q{k,), which is precisely fi{0). But 
uo j sends the closed point of 7r~^(0) to u{lj); hence, by the criterion 5.4.3 (iii) (b), yu(0) 
is in the connected component if and only if u{uj) = uo, that is, if and only if m is a group 
endomorphism. This proves (ii). 

The previous computation, applied with m = Id^; (or, equivalently, the tautological 
desription of 7) shows that 7(0) is the point of S'q{k) corresponding to the inclusion 
j : 7r~^(0) ^ E; this is clearly nonzero, which proves (iii). 

It remains to prove (iv). We know that (o'aff is an open subscheme of S'°, and that 
they have the same fibre at the closed point of Spec (^) (cf. 5.4.2). It follows that if 
z : Spec(^) — s> ff ° is a section, then z~^{Sse) is an open subscheme of Spec((^) which 
contains the closed point, hence is equal to Spec (i^). ■ 

8.3.3 Remark. Assertion (i) generalises (with the same proof) in the following way: if 
C , where i)" is a regular semilocal domain of dimension 1, whose Jacobson radical 

is generated by the maximal ideal of ff, and if K denotes the fraction field of ff', then 
S'{ff') — > ^{K) is an isomorphism. 

This applies in particular if C is a smooth curve over (some extension of) k, given with 
a morphism g : C ^ L, and ff' is the semilocal ring of C at some set of simple poles of g. 

8.3.4 Remark. Assertion (v) has the following consequence. Assume in addition that E 
does not have complex multiplication over the algebraic closure of k, and hence over any 
extension of n. For an extension k' of k, let ff^.' be the local ring at infinity on L^'. Then 
it follows from (v) that (^"{ff) —>■ (S'°{fff^i) since both are generated by the same element 
7^. In other words, the group S'°{ff), which is isomorphic to Z, is essentially independent 
of the ground field k. 

8.3.5 Remark. It follows from (iv) that <Cfr(^) is a subgroup of (S'{ff), even though i^afr 
is not a subgroup scheme of cS". 
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9 The ring A and its multiplication. 



9.1 Notations, definition of A. 

In this section we keep the notations and assumptions of Section 8 (including the self-twist 
S' and its canonical section 7), but now we assume char/t = 0. 

We fix a ring 0" containing ^, with the aim of proving that the Diophantine theory of 
0" (with constants &) is undecidable. 

We identifiy ff (^) with a subset of S'{0"), and similarly for (S^^, etc. In particular 
we have a subgroup 

A := C <g°{0) C <g°{0') (82) 

which is, in fact, contained in S'gs{0') by 8.3.2 (iv), and therefore also in iC,fr(^')- 

The group isomorphism Z — > A sending n to 77.7^ defines a ring structure on A. To 
prove the Diophantine undecidability of 0' , it suffices to prove that, for suitable this 
ring A C <^'afr(^') is Diophantine (this makes sense since i^ifr,^ is an affine ^-scheme of 
finite presentation; we shall be more explicit in 9.3.2 below). 

Proving that A is a Diophantine ring involves two tasks: 

• show that the ring structure on A is relatively Diophantine, in the sense of 2.7.6, 

• show that A C (S'a_s{0") is Diophantine. 

Concerning the second property, note that by 8.3.2 (v), it is true for 0" = ii E has 
no complex multiplication, which we shall always assume in applications. In fact this 
extends to the situation mentioned in 8.3.3. For other rings (specifically for function fields 
of curves) our standard weapon will be Theorem 1.8. 

But this will come later; this section is devoted to the first property, which involves 
checking several points. Here are the easy ones: 

9.1.1 Proposition. (i) The graph of the addition law on A is relatively Diophantine in 
A^, with respect to G (here A is seen as a subset of <Cfr(^') )■ 

(ii) The unit {7^'} of A is a Diophantine subset of <^aff(i^')- 

Proof: (ii) is obvious since 7 G ^afr(^)- 

For (i), we have to be careful because (fafr is not a group scheme; however, the graph G 
of 'addition' in ^ makes sense, as the intersection of ^ with the graph of addition on 
the ^-group scheme ^J. Moreover, G is clearly a closed ^-subscheme of S'^, hence defines 
a ternary relation on S'as{0") which is Diophantine with respect to 0. The conclusion 
follows by restriction to A. ■ 

Thus (as always with this method) the hard part is the Diophantine character of multipli- 
cation in A, which will occupy the rest of this section. 
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9.2 Evaluating at zero. 



Recall that by (48) the fibre S'q of at zero is isomorphic to the additive group Ga,K- 
Hence (once such an isomorphism is fixed, which we assume from now on), evaluating 
sections at defines a group homomorphism 

evo : ^°(^) — ^ ^°(^/m) ^ k. (83) 

If we restrict this map to (S'l^si^), embedded, say, in the affine plane A^, this simply consists 
in reducing coordinates modulo m, and then applying the isomorphism with Ga,K (which 
is algebraic, hence must be given by a polynomial in the coordinates, with coefficients in 
k). 

The restriction of evo to A necessarily has the form 

njff I — > nevo{-fff) = n-f{0). (84) 

Since char k = and 7(0) 7^ by 8.3.2 (iii), this map is injective. Therefore we can 'encode' 
the multiplication on A as follows: if Zi = rii'-fff (z = 1, 2, 3) are three elements of A, then: 

Z3 = Z1Z2 (in A) 4^ 723 = nin2 (in Z) ,g^. 
^ evo(2:3)evo(7) = evo(zi)evo(^2) (in k). 

The last condition involves the relation ^3 evo(7) = ti ^2 in i^- This is a polynomial relation 
(in which evo(7) is a constant), which is good news. But it also involves evo, i.e. essentially 
a reduction modulo m, which is rather bad news. In fact, from now on, all the hard work 
will consist in showing, in various contexts, that in some sense reduction modulo m has 
good Diophantine properties. 



9.3 Explicit equations. 

Assume now that -E C is given by an equation 

Y'^Z = P{X,Z) = + aX^ Z + bX + cZ^ (86) 

in homogeneous coordinates {X,Y,Z) (in our applications, a,b,c will be in Q). We may, 
and will, identify P;^ with L via the double cover Z/X : E (also called vr); this is the 

inverse of the 'usual' coordinate x := X/Z, for which we shall have little use. We denote 
by t the standard coordinate on P^. Thus, the branch locus of tt consists of the three 
(geometric) zeros of P{l,t) and the point 0. The ring ^ is then with maximal ideal 

m = tff. 

9.3.1 Remark. Unlike 0, the 'point at infinity' of L (the pole of t in L = P^) has no 
intrinsic meaning; in fact, by a change of coordinates it can be chosen arbitrarily in L\ {0}. 
In particular, assume that E is defined over Q; then, by 8.3.1, we can choose the equation 
(86) (with P G Q[^, Z]) in such a way that the fibre S'^o of (I' at 00 is an elliptic curve 
(this simply means c 7^ 0) and, moreover, that the point 7(00) G <^oo(^) has infinite order. 

Let us now give equations for (some pieces of) S". 



58 



9.3.2 Equations for £'g and ^afr,5- We only give tlie results derived from Section 5, 
leaving details to the reader. 

The traditional way of describing tt as a double cover of P;^ is by 'extracting the square 
root of P{x, 1)'; however, P{x, 1) = t~^P(l, t) does not belong to ^ (it has a triple pole at 
zero), so instead we put 

p:=t/P{l,t) =t/{l + at + bt^ + ct^); (87) 

this is a uniformising parameter of ff, such that the double cover vr is given above S by 
Spec {^[y/p])- Accordingly, by 5.4.5, S'g S can be described in P| by 



S° = \ ^, with 



, V^W = pP{U,W) 
^ ■ 1/ = p = 



in projective coordinates U,V,W. (In fact, this is not just a description of (og, but also 
of the restriction of ^° above the complement of oo in P;^.) The unit section of the group 
scheme ff^ is (0 : 1 : 0). 

The open subscheme (faff corresponds to \^ 7^ 0; in affine coordinates u = U/V, w = 
W/V, it is given by 

(^Ls: w = pPiu,w). (89) 

The fibre (oq at is the affine line ly = 0, 7^ in P^; it is isomorphic to Ga,K via the 
map 

4° ' 'Sa,^ (an) 

{U:V:0) ^ U/V ^ ^ 

or, using the affine coordinates of (o'afr, via the coordinate u. With the above identification, 
the evaluation at infinity is given on (faff (in these affine coordinates u, v) by the very simple 
formula, where u is viewed as a function on <faff: 

evo : (faff('^) — > 1^ /g^x 
z I — > u{z) mod m. 

The canonical section 7 is given hy {U : V : W) = (1 : 1 : t); in particular, its value at 
is (1 : 1 : 0), which is indeed a nonzero element of S'q, as predicted by 8.3.2 (iii). In fact, 
using (90) to identify with k, we have evo(7) = 1, hence the restriction of is evo to 

A (identified with Z) is just the natural inclusion of Z into k. 

In particular, for the multiplication on A, property (85) boils down to the following: if 
2;j (i = 1, 2, 3) are three elements of A, then 

= z\Z2 (in A) ^ ^(^s) = u{z\)u{z'i) (mod m). (92) 

This has the following consequence: 

9.4 Proposition. Assume there exists an additive subgroup X of with the following 
properties: 
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(i) X contains all elements of the form u{zi) u{z2) with zi, Z2 € A; 

(ii) the inclusion of X_|_ := X fl m into X is relatively Diophantine (as subsets of G' , with 
respect to G). 

Then the multiplication (hence the whole ring structure) on A is relatively Diophantine. 

Proof: By assumption, there is a Diophantine subset ^ G G" such that ^ (1 X = It 
follows that if Zi e A (i = 1, 2, 3) we have: 

z-i = z\Z2 ^ u{z'i) - u{z\) u{z'i) G m ^(^3) - u{z^ u{z2) e ^ 

since, by our assumptions, ^(^3) — u{zi) u{z2) G X (note that ^(^3) = ^(^3) ii(7))- ■ 
The simplest choice for X is, of course, X = ff, which gives: 

9.4.1 Corollary. Assume that t is not invertible in G' (in other words, xnG' 7^ G'). Then 
the ring structure on A is relatively Diophantine. 

Proof: We have xnG' (1 G = m since it is a proper ideal of G containing m. But of course 
mG' = tG' is Diophantine in G' , hence we can apply 9.4 with X = G (and = m). ■ 

9.4.2 Remark. This of course applies to G' = G. In fact, at this point we can already 
conclude that G is positive- existentially undecidable; in other words, for any field k of 
characteristic zero, the local ring k[t](^t) is positive-existentially undecidable with respect to 
Q[t](t). Indeed, choose any E over Q without complex multiplication: then, from assertions 
(v) and (iv) of 8.3.2 we have A = <Cfr(^); so A is Diophantine, hence is a Diophantine ring 
by 9.4.1. Of course this will be generalised later. 

9.5 Description of <f at infinity. 

The results below will be needed in Section 12 to treat the p-adic case, because the Kim- 
Roush method involves controlling the order of certain functions at 00. 

Denote by ^ = the local ring of at 00, and put T = Spec (^). Assume 

that c 7^ 0: then 00 is not a branch point of vr, and Sj- is an elliptic curve. Accordingly, 
P{t~^, 1) is a unit of so we can view vr (above T) as Spec {I%[y/f7]) where p' = P{t~^, 
(this will give nicer coordinate changes than using y^P(F^\Tj). 

We can then describe St by the homogeneous equation 

St : V'^ W = p' P{U\ W) (93) 

in homogeneous coordinates f/', V' , W . The canonical section is given by {t~^ : 1 : 1); the 
corresponding affine model is 

(^afr)T: w' = p'P{u\w') (94) 
in affine coordinates u' = U'/V, w' = W /V. 
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Of course, over Spec/t(t) (the intersection of S and T in Fl), equation (93) defines the 
same curve as (88); the isomorphism between the two models is readily checked to be given 
by 

u' = r^u, V = v, w' = r^w. (95) 

In particular, the rational functions u = U /V and u' = U' /V on S are related by 

u' = t-\. (96) 

This implies: 

9.5.1 Proposition. (i) Let z G (^(P^) ^ section. Assume that z{oo) G Then 
the value u{z) G K,{t) of the rational function u at z has order > —1 at oo. 

(ii) Assume that the condition of 9.3.1 is satisfied, i.e. 7(0x3) has infinite order in 
Then for every z E A, the value u{z) of the function u at z has order > —1 at 00. 

Proof: (i) The condition implies that z maps T = Spec {^) into (o'afr- In particular, u'{z) 
belongs to i.e. has nonnegative order at 00: the assertion then follows from (96). 
(ii) The condition in (i) just means that z{oo) is not a point of order 2 on ^0^. With the 
assumption of (ii), this will be satisfied for z = 71.7 (any n G Z), so (ii) follows from (i). ■ 

9.5.2 Remark. Without explicitly computing the coordinate change (95), it was a priori 
clear that u must be a polynomial in u',v' with coefficients in K{t)] it follows that 9.5.1 
had to hold with —1 possibly replaced by some unspecified integer independent of z in (i) 
(resp. of n in (ii)). With some care, this 'computation- free' approach would be sufficient 
for our purposes. 

9.5.3 Corollary. Let X (resp. X_^) be the set of rational functins in K{t) having order 
> —2 at 00 and nonnegative (resp. positive) order at 0. Assume that is a relatively 
Diophantine subset of X (in G' , with respect to G). 

Then, if 7(00) has infinite order in S'^o, the ring structure on A is Diophantine. 

Proof: Clearly, X is a subgroup of G and X+ = X (Im.. Also, it follows from 9.5.1 that X 
contains all products u{zi)u{z2) for zi, Z2 in A. So this is a special case of 9.4. ■ 
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10 Diophantine undecidability of semilocal rings of 
curves. 



10.1 Notations. 

10.1.1 The function field side. We denote hj k a field of characteristic zero, by C a 
smooth projective geometrically connected curve over k, and by K the function field of C. 

Let Q be a finite nonempty set of closed points of C. We choose f in K having simple 
ramification, simple zeros and simple poles on C, and vanishing at Q. 
We denote by A the semilocal ring of C at Q: 

^ := n ^c,r (97) 
q&Q 

Thus, A is a regular semilocal domain of dimension 1 with fraction field K. It contains /, 
which generates its Jacobson radical; since Q 7^ 0, the intersection A fl Q(/) is the ring 

Ao:=AnQ(/) = Q[/](/). (98) 

All Diophantine sets (in some afiine space over A) will be relative to Aq. 

10.1.2 The elliptic curve side. Let us fix an elliptic curve E over Q. We choose 
an isomorphism E'/jild^j^PQ sending the origin to 0; we denote by t the standard 
coordinate on P^. 

Applying the constructions of 8.1 and 8.2 with k = Q, we obtain a group scheme 

(ff — > Spec(^) 

where ^ = Q[t](t) is the local ring of Pq at (this was denoted by S's or cS"^ in 8.3 but 
we shall not need the original S', which was over P^). Inside S' we have open subschemes 

where S'^.s C A^, is afiine. Recall also from 8.3 that we have a canonical section 7 G iCfr(^); 
generating a subgroup A = Z7 of which is contained in i^'afT(^)- We give A the ring 

structure deduced from the obvious isomorphism Z — > A. 

10.1.3 Where both sides meet. For any A G Q*, we can send k[t] to A by mapping t 
to (A/). This gives a diagram of injective ring homomorphisms 

Q[t](t) ^ k[t]^t) ^ A 

n n n 

Q(t) ^ k{t) ^ K 
t ^ A/. 
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I claim that 



4fr(^fc) = '^(A;(t))n^aff(^). 



(99) 



This is in fact obvious: if we embed S'^s into, say, in the usual way, then a point of 
S'aff{A) is in S{k{t)) if and only if its coordinates are in k{t), hence m. k{t) \^ A = i^^. 
Now, Theorem 1.8 (ii) (applied with T = E) implies that for suitable A, we have 



(just take A in Good {k) n Q). 

We choose A once and for all with this property, and identify t with A/, thus viewing 
all the maps in the above diagram as inclusions. Note that, independently of A, the image 
of ^ in A is Aq. 

10.2 Proposition. With the notations and assumptions of 10.1, assume that E has no 
complex multiphcation over C. 

Then A is a Diophantine subset of A^, and of (with respect to Aq). 

Proof: By 8.3.2 (v) we have A = ^Cfr(^) = ^afr(^fc)- By (99) and (100) we have A = 
S'{K) n ^aff(^) = (S'^s{A) hence A is Diophantine in A^. 

Let us show that A is Diophantine in K'^. Recall that ^{k{t)) = A x E[2]{k) by (79), 
hence 2A = 2S'{k(t)) = 2S'{K). This is also equal to 2S'^q[K) because the complement of 
ffaff in S' consists of the nontrivial 2-torsion points. But the graph of addition is Diophantine 
in (o'afr(A')'^ (as in the proof of 9.1.1 (i)). Hence 2A = 2S'^q{K) is Diophantine in K^, and 
so is A= (2A)U (7 + 2A). ■ 

We can now prove part (1) of Theorem 1.1 (more precisely the 1-dimensional case, 
which implies the general case as explained in the introduction): 

10.3 Theorem. With the notations and assumptions of 10.1.1, there is a Diophantine 
ring A C A^, isomorphic to Z. In particular, the positive-existential theory of A in LR(y4o) 
is undecidable. 

Proof: Choose any elliptic curve E over Q, without complex multiplication over C. Ap- 
plying the constructions of 10.1.2 and 10.1.3, we conclude from 10.2 that A is Diophantine 
in i^afr(^), hence is a Diophantine ring by 9.4.1, apphed with ^' = A (the fact that Q 7^ 
is used here!). ■ 

10.3.1 Remark. The Diophantine ring in 10.3 has a very simple explicit definition, fol- 
lowing from the computations in 9.3. Let E'aff be given by the equation 



(which is the afiine form of (86)), with a,b, c E Q; of course we assume that the discriminant 
of P{x, 1) is nonzero, and also that E has no complex multiplication over C (this is easy 
to ensure; for instance it is true if the j-invariant of E is not an integer). 



^{k{t)) = <g{K) 



(100) 



z = 



P{x, z) = + ax^ z + hx + cz^ 



63 



We choose A G Q* as in 10.1.3, i.e. such that (100) holds, and we define (faff C A^^ by 
the equation (in affine coordinates {u,w)): 

A/ . 
^=P(iAn 

Now, the Diophantine ring A is defined as follows: 

(i) the underlying set is the subset ffafr(^) of (that is, the set of solutions (m, w) G 
of the above equation), 

(ii) the zero element is Oa = (0,0), 

(iii) the ring unit is 1a = 7 = (1, A/), 

(iv) the addition is given by the elliptic curve law, or equivalently by: 

(m", w") = (m, w) + (m', w') ^ 3 a, u" = u + u' + af, 

(v) the multiplication is given by: 

{u",w") = {u,w){u',w') -v^ 3 a, u" = uu' + af. 

10.3.2 Remark. Assume that there is a Diophantine subset ^ oi A such that Z G ^ G k 
(or, more generally, that Z C ^ and the composite ^ A —>■ A/fA is injective). Then 
we have the stronger property that Z is Diophantine in A: indeed, for a G A, we have 
a G Z if and only if a G ^ and there exists {u, w) G i^afr(^) such that a — m G f'A. 

10.3.3 Corollary. Assume that A (or equivalently, its Jacobson radical fA) is Diophan- 
tine in K. Then there is a Diophantine ring in , isomorphic to Z. 

In particular, the positive-existential theory of K in LR(ylo) is undecidable. ■ 

10.3.4 Corollary. Let k be a real closed held, and let C be a smooth k-curve having a 
rational point. Then the function field K of C is positive-existentially undecidable. 

Proof: Let q G C{k) be a rational point. One can find (f G K having only simple zeros, and 
vanishing at q. If Q is the set of /c-rational zeros of (f, then Theorem (1.8) of [Z], Chapter 
V shows that the semilocal ring of Q is Diophantine in K. Hence we can apply 10.3.3. ■ 

Apart from this case (which will be superseded by 11.2), the Diophantine definability 
of y4 in i^T seems, in general, rather difficult to prove. 

10.4 Remarks on effectivity. 

As explained in the introduction, the choice of A satisfying (100) is not effective in general. 
Let us describe a procedure for finding such a A if /c is finitely generated over the prime 
field. 

More precisely, we assume here that: 
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• k is presented over Q (in the sense of [F-J], Section 17.2), 

• K is presented over k (which essentially means that the curve C is explicitly de- 
scribed) , 

• / is explicitly given. 

Assume we have effectively constructed an elliptic E over Q, without complex multipli- 
cation over C, and such that Hom^ (i?, Jac (C)) = 0. Then by Theorem 1.12, we can 
effectively find A G Good (k) fl Z: simply list all integers until such an element is found, 
which can be checked effectively since it reduces to deciding whether a given polynomial 
in k[y] has no root in k. The rest of the proof of 10.3 involves only effective constructions. 

Let us now construct E with the required properties. For an indeterminate 2, fix an 
elliptic curve over Q{z) with j-invariant equal to z. By ground field extension to 

k{z) we obtain an elliptic curve E^^z) with the property that Homfc(^) (£'^(2), Jac (C)fc(z)) 
is zero: indeed, by 2.4.1, any abelian subvariety of Ja.c {C)k{z) is defined over k, while 
Ek{z) (or any nontrivial quotient of it) is not. Hence we can apply Theorem 1.12 to find 
C e Q such that -E'q(z) specialises to an elliptic curve E(^ over Q with the property that 
Homfc [E^, Jac (C)) = 0. Moreover we can certainly find such a ( which is not an integer, 
which implies that the resulting E(^ (whose j-invariant is () has no complex multiplication. 
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11 Diophantine undecidability of real function fields. 



The following lemma combines results of [D2] (for the real case) and [K-R2] (for the p-adic 
case, which will be considered later): 

11.1 Lemma. Let k be a field of characteristic zero, and let K he a finitely generated 
regular extension of k. 

(i) There is an elliptic curve Ei over Q with the following properties: 

(a) -E'i(Q) is infinite (i.e. E has positive rank over Q); 

(b) Ei{K)=Ei{k). 

(ii) Let S be a finite set of independent absolute values on Q. Denote by Qs = YIvgt, '^■v 
the H-completion of Q. Then there is a Q-Diophantine subset ^ of K such that 
^ C /c and HQ is dense in Qs- 

Proof: (i) We may assume K transcendental aver k (otherwise, K = k). By 2.3.4 there is a 
transcendence basis {zi, . . . , z^) of K/ k such that i^' is a regular extension of k{zi, . . . , Zn-i). 
For any elliptic curve Ei over /c, we have Ei{k{zi^ . . . ^ Zn-i)) = Ei{k) (immediate by 
induction on n since there is no nonconstant rational map from an elliptic curve to P^). 
Thus, to prove (i), we may replace k by k{zi, . . . , Zn-i) and assume n = 1. 

Let C be the (projective, smooth, geometrically connected) /c-curve with function field 
K. The elliptic curves with a nonconstant morphism from C are those appearing (up to 
isogeny) as factors of the Jacobian of C, which form a finite set of isogeny classes. So 
we can choose an elhptic curve Eq over Q which is not Q-isogenous to any of these, ad 
then apply 8.3.1 to find a twist Ei of Eq with positive rank over Q, thus satisfying both 
conditions. 

(ii) Choose Ei as in (i), and write it in affine coordinates as 

-E'l.aff : w = P{u, w) 

with P G Q[n,tf;], homogeneous of degree 3 and monic in u. Let D (Z K he the set of 
M-coordinates of points of Ei ;^q{K), and let ^ be the set of quotients Ui/u2 with ui E D 
and U2 E D \ {0}. Let us show that ^ has the required properties. 

Clearly, D and ^ are Q-Diophantine in K., and property (b) implies that D G k, hence 
'la' G k as well. To prove the density property, it suffices to show that the closure of DPI Q in 
Qe contains a neighbourhood of 0. Since m is a local coordinate at the origin of -Ei^afr? this 
will follow if we prove that the closure of -Ei,afr(Q) in -£'i,afr(QE) contains a neighbourhood 
of the origin. This is equivalent to the analogous statement with Ei instead of -Ei^afr since 
the latter is Ei minus finitely many nonzero points. 

Now, for each f G S, £'i(Q„) is a compact one- dimensional Lie group over Q„, hence 
it has an open subgroup of finite index isomorphic to Z„ (if v is p-adic) or to the circle 
group 5*^ (if V is real). Let U G -Ei(S) be the product of the f/„'s. By property (a), E{Q) 
has an element 7 of infinite order; replacing it by some multiple we may assume that 7 G f/. 
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For each v, the projection of 7 in f/^ C i?i(Q„) still has infinite order, hence generates a 
subgroup whose closure is open. By weak approximation, it easily follows that the closed 
subgroup of -Ei(S) generated by 7 is also open. This completes the proof. ■ 

We can now prove part (2) of Theorem 1.1. 

11.2 Theorem. Let k be a formally real field., and let K be a finitely generated tran- 
scendental extension of k, which is also formally real. Then there is a Diophantine ring in 
, isomorphic to Z. In particular, the Diophantine theory of K is undecidable. 

Proof: By replacing /c by a bigger subfield of K, we may assume that K has transcendence 
degree one over k, and that k is algebraically closed in K. Then K is the function field of a 
projective, smooth, geometrically connected fc-curve C. Moreover, the assumption that K 
is formally real means that C has a closed point q with formally real residue field. Putting 
Q = {q}^ we are in the situation of 10.1.1. Choosing any elliptic curve E over Q, without 
complex multiplication, we can perform the constructions of 10.1.2 and 10.1.3, and we keep 
the same notations. In particular we have a ring A = Z in A^, where A is the local ring 
of q. Moreover, we know from 10.2 that A is Diophantine in K^, and it remains only to 
prove that the multiplication in A is relatively Diophantine. 

To do this, we apply Proposition 9.4 with k = Q (hence = Aq = Q [/](/)), X = Aq, 
and iP" = K. Thus, all we have to prove is that the maximal ideal mo of Aq is a relatively 
Diophantine subset of Aq m. K. 

First take ^ C -fC as provided by 11.1, applied with our k and K., and with S consisting 
of the ordinary absolute value (thus, Qs = I^)- Consider the following formula in one 
variable x: 

ip{x) : 3 a, /5, Xi, . . . , : ae'^§'^(3e'^^{a- /~^) + (3 = x\ + . . . + xl. 

I claim that the set ^ C K defined by satisfies & \~\ Aq = xn^ = f Aq. 

First, let us show that 2i <Z f A (which implies that ^ fl Q(/) C f Aq). Indeed, for 
some X & K, assume that v?(x) holds and x does not vanish at q. The elements a and (3 in 
(p{x) must be in k, hence (a — f~^) x"^ + (3 has negative odd order at q. Since the residue 
field of q is real, this cannot be a sum of squares in K., which contradicts ^{x). 

Let us now prove that f Aq (Z S>. We view Aq as the local ring of in Pq, with standard 
coordinate /. If x G f Aq., then a; is a rational function on Pq, vanishing at 0; hence, so 
does f~^x^. In particular, \ f~^x'^\ < 1 on / := [— for some e > 0. We can choose a 
and P in ^, and such that /? > 1 and a > 1/e. Then, by our choices (recall that / is the 
standard coordinate on Pq, hence |/| > e on M \ /): 

• on M \ /, we have |/~^| <l/e < a, hence (a - /"^) x"^ + P > (3 > 0; 

• on J, we have {a — f^^)x'^ + {3 = ax'^ — f"^x'^ + /3>ax^ — l + /3>0. 

This implies that (a — f~^) + /3 is a sum of squares in Q(/), and in fact a sum of five 
squares by [Po]. Hence </3(x) is satisfied, and the proof is complete. ■ 
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12 Diophantine undecidability of ^^-adic function fields. 



In this section we prove part (3) of Theorem 1.1: 

12.1 Theorem. Let p be an odd prime. Let k be a subfield of a finite extension of Qp, 
and let K be a finitely generated transcendental extension of k. 

Then there is a Diophantine ring A C K"^, for some d, isomorphic to Z as a ring. In 
particular, K is positive-existentially undecidable. 

12.2 Extending the ground field. 

First, we may replace k by its algebraic closure in K and assume that K/k is a regular 
extension. 

Next, assume there is a finite extension L of K, of degree n, and a Diophantine ring 
isomorphic to Z in L^. Then by using the Weil restriction (i.e. by fixing a i^-basis of L 
and identifying L'^ with K'^"') we obtain a Diophantine ring isomorphic to Z in K"^^. In 
particular, to prove 12.1 we may replace k by a finite extension (which we shall always 
view as embedded in some finite extension of Qp, and in particular equipped with a p-adic 
valuation, normalised in such a way that its value group is Z). 

Thus, replacing if necessary k by a finite extension n' and K hj K n', we shall 
assume from now on that: 

(i) there is a transcendence basis (^i, . . . , Zn) of K over k such that [K : k,{zi, . . . , Zn)] is 
odd and the extension K/k{zi, . . . , Zn-i) is regular, 

(ii) K, contains elements i, a, w such that: 

(a) = -1, 

(b) a is a root of unity, 

(c) w is algebraic over Q, and has odd p-adic valuation, 

(d) the 4-dimensional quadratic form 

{l,a){l,w) = + wy"^ + az'^ + aww^ (101) 

is anisotropic over k, 

(e) the quadratic form (101) is isotropic at all 2-adic primes of the field Q(z, a, w). 

Indeed, (i) holds over some finite extension of k by 2.3.4. The fact that k can be further 
enlarged to satisfy (ii) is proved in [K-R2], Proposition 8; here we denote by w what was 
(somewhat confusingly) called p in [K-R2]. 

(In the left-hand side of (101) we use the standard notation (rfi, . . . , dn) for the diagonal 
quadratic form YTj=i ^"jy the product is the 'Kronecker product', or tensor product.) 

From now on we fix 2:1, ... , Zn-i as in (i), i, a, w as in (ii), and we put 

k := k{zi, . . .,Zn-i). 
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Thus, K is a. one-variable function field over k; we denote by C the smooth, projective, 
geometrically connected k-cnive with function field K. By condition (i), C is a cover of 
of odd degree, hence admits a divisor of odd degree. By 2.3.1, this implies: 

(iii) there is an element f of K which, viewed as a fc-morphism C ^ P^, has simple 
ramification, simple zeros, simple poles, and odd degree. 

From now on we fix / as in (iii) ; in fact we may replace Zn by / and consider the tower of 
extensions 

KCkC kif) = k{z,, . . . , Zn-1, f)CK (102) 

in which the first two inclusions are purely transcendental and the last is finite and odd. 
We have done all this to use our results on curves while ensuring the following property: 

12.2.1 Lemma. Every anisotropic quadratic form over K,{f) remains anisotropic over K. 

Proof: Let if be such a quadratic form. Clearly, ip is still anisotropic over k{f) which is 
purely transcendental over K{f) ([Lam], Chapter 9, Lemma 1.1). Since K is finite of odd 
degree over k{f), we conclude from Springer's theorem ([Lam], Chapter 7, Theorem 2.3) 
that if is also anisotropic over K. ■ 



12.3 Defining the ring A. 

With / : C ^ as in 12.2 (iii), we choose a zero q of f on C (not necessarily /c-rational), 
put Q = {q}, and we adopt the notations of 10.1.1. 

We choose an elliptic curve E over Q, without complex multiplication, and we identifiy 
L := E/{±ldE} with P^ in such a way that the origin of E goes to 0, and the condition 
of 9.3.1 is satisfied; in other words, we choose the equation (86) in such a way that c 7^ 
and the points (0 : ±^/c : 1) of E{Q) have infinite order. 

We then proceed with the constructions of 10.1.2 and 10.1.3. We obtain a subset A C 
with a ring structure isomorphic to Z, which is a Diophantine subset of by 10.2. To 
prove that the multiplication of A is Diophantine, we need the following refinement of 9.5.3 
(cf. [K-R2], Theorem 6, where t corresponds to our /): 



12.4 Lemma. Denote byvoo (resp. vq) the valuation on Q(/) C K such that foo(/) = ~1 
(resp. voif) = +1). Define subsets Yq, Fi, Y of Q(/) by 

Y^ := {reQif) \v^{r) = -2andvo{r) = i} (z = 0, 1) 
Y := FoUFi. 

Assume that Yi is a relatively Diophantine subset ofY (in K). Then the ring structure of 
A is Diophantine. Hence K is positive-existentially undecidable. 

Proof: By assumption, there is a Diophantine set ^ C -ft' such that ^ (lY = Yi. Put 

X := {re Q(/) I v^{r) > -2 and Vo{r) > 0} 
X+ := {r G Q(/) I v^{r) > -2 and Vo{r) > 0}. 
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We shall prove that is relatively Diophantine in X, which by 9.5.3 implies the result. 
If r G X, then y^j2 r has nonnegative v^o and the same Vq as r. It follows that if we 

put 



2 

+ / 

then we have 



Voo{s) = -2, 

'O ift;o(r) = 
1 if Vo{r) > 0. 



Hence, for any r G X, we have s & Y, and s G Fi if and only if r G Consequently, 
X+ = X n ^1, where 



which proves the lemma. 



12.5 Isotropy of quadratic forms. 

It remains to prove that the assumption of Lemma 12.4 is satisfied, i.e. Yi is relatively 
Diophantine in Y; we follow [K-R2], indicating only the changes to be made. 

To stick to the notations of [K-R2], we put t = f from now on. (Thus we forget the t 
of 10.1.2, which corresponds to A / for some A G Q). 

Applying Lemma 11.1, we fix a Q-Diophantine subset ^ of K, contained in k and such 
that Q n is dense in Qp. 

To every r E K we associate two elements uq, ui of K and two quadratic forms ipo, v^i 
over K depending on parameters C3, C5, by the formulas 

Ue := a^((l+t)3r + C3t=^ + C5t^) (e = 0, 1) 
(fe := {t,at,-l,-Ue){l,Tu). 

We define a Diophantine set ^ C K by 

r E ^ -v^ 3c3,C5G^ such that (po and ipi are isotropic over K. 

and claim that ClY = Yi. This amounts to proving that Yi C ^ and Iq H ^ = 0. 

12.5.1 The relation Yq (1 ^ = ^. Assume that r G Yq. Then r is in Q{t) and has order 
at 0, so the same holds for uq, for any choice of C3 and C5 in k (and in particular in 
'^). By the first assertion of [K-R2], Proposition 7 (applied with b = zu, g = our uq, and 
a = our — a), this implies that one of the forms ipo, (pi is anisotropic over K,{t), hence also 
over K by Lemma 12.2.1. 
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12.5.2 The inclusion Yi C ^. Assume that r G Yi. We have to show that for some 
choice of C3 and C5 in ^ (in fact, we can take them in ^flQ) both forms (/?o, v^i are isotropic 
over K (and in fact, over fi;(t)). We refer to [K-R2] for the details: first, it is shown in 
the proof of [K-R2], Theorem 9 that for suitable C3 and C5 in ^ fl Q, some condition on 
the Newton polygons of uq and u\ is satisfied (the only thing that matters about fl Q 
is p-adic density). Then, the results of [K-R2], Section 3 (in particular Theorem 21) imply 
that this Newton polygon condition in turn implies isotropy. This completes the proof. ■ 
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